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ABSTRACT

Shizley Hoftr and Amnette M. Schenkel, The Development and Fvaluation of a Dasic
Silis Mathemarics Corrienlim for Adult T.earners, 1996, J. Scoy, Mathematics Education

The purpase of this smudy is to develop a basic skills mathematics cormculum for
adult learners, evaluate student progress, and survey the instruciors’ opinions.

Gagne's curticulum model was used ro develop a new curriculum addressing the
problems of the tadiwonad curricylum, Research was cited to substantiate each
curricaium change. The sew curriciiiom successfully addressed each of the concepts
gatherzd from the related literature.

Student progress was evahiated at Gloucester County College fiom Jamanary to
March of 1596, All of the nine MAT-010 clagses used the new curricnlum. A dependemt
T-test was apphed 1o protest and posttest scores of the Mew Jersey Colleze Basic Skills
Placement Tests for fifty eight students. The difference in scores was significant at the .01
level. Results indicated that the students’ computational achievement was significantly
wrpraved afber covering the first two units of the text, which did not mclude
computational instruction. These results concur with the NCTM Standards that
concluded that remediation is more effectivety taught by methods which stress

understanding and not computational drill.



All of the five MAT-010 instructors were surveyed. The resulis of the
opinionnaire showed that the instructors’ opinions towards the new curricuium were

favorable. This was determined by the use of the Likert Method,



MINI-ABSTRACT

Shirley Hofer and Annette M. Schenkel, The Development and Evaluation of a Basic
Skills Mathematics Curriculum for Aduli Learners, 1996, 1. Sooy, Mathematics Education
The purpose of this study i3 to develop a basic skills mathematics curriculum for
adult leamers, evaluate student progress, and survey the insituctors’ opuons, Test
results indicated that the students” computational achievement wag significantly improved
after covering the first two units of the text, which did not include computational
instruction. The resulis of the opintonnaire showed that the ingtructors’ opinions towards

ihe new cormiculum were favorable,
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CHAPTER 1

Introduction to the Study

Intraduction

This chapter presents an imroduction to the development and evaluation of an
innovative basic mathematies eurriculum for adults. The motivating factors uriclerlying
this study are presented first, followed by the statement of the problem. The significance
of the problem section explains the importance of addressing the specific needs of the
adulr remedial mathematics student. The limitations, assumptions, and procedures
sections explain the researchers’ methods of pursuing this endeaver. Definitions of terms

unique to this study are also included.

Backeround

After teaching basic skills mathematics to adults over 4 period of several years, the
researchers concurred that the curriculum that was in place at Gloucester County College
was not meeting the unique needs of adult learners. The opportunity to develop a more
appropriate curriculum came o the forefront when the researchers were enrolled i a
curriculum development course aud were required 1o submit ideas for a new curriculum of
their choice. The researchers were convinced that it was vital to present remedial materal
in a new sequence in order to address the problems in the existing cwrriculum. In the

process of formulating their 1deas, they contacted various publishers of basic



mathematics texts and perused a muititude of textbook brochures. Their search for a
diffaremt sequence of topics was firtile. Therefore, the researchers decided to incorporate
their ideas for a new sequence of topics into & new curricuium that applied concepts

gathered from research literature on adult education.

Statement of the Problem

The purpose of this study is to develop a basic skills mathematics curriculum for
adult learners, evaluate sindent progff:ss and survey the instructors’ opimons.
Significance of the Problem

All community college students must pass a basic sklls mathematics test to
continue towards their degree. Passing this test is a requirement before they can get credit
for, or even enroll in any non-developmental mathematics course. The curricula currently
in place are not as effective as they could be towards this end. Jack Friedlander (1979) of
Cahforma University stated in the Funior College Resource Review thut although there has
been much experimentation in remedial mathematics course formats and instructtonal
formats, some existing problems persist. These problems are avoidance of remedial
courses by students, high attrition rates, and low achievement levels. This is also
evidenced by an abundance of research and literature indicating particular problems of
adult learners. Current curricula do not take into account the special needs of the adult

learners, They do not draw on the students’ varied life experiences. The sequence of the



topics and the methods of teaching are exactly the same as those used in the slementary
levels. Instead, review material should be presented differently. Knowles (1980) shows in

The Modern Practice of Adult Education: From Pedagogy 10 Andragogy that

andragogicat processes should be used in review situations as opposed to the pedagogical
merhods employed when materials are initially introduced. Research also suggests
methods such as spiraling, teaching for understanding, “distributed practice”,
“connectadnesy”, and “seif-talk’” to address problems of adult basic mathematics students.
Appropriate curricular changes, however, have not been forthcoming. Because fow, tf
anv, curricular changes have been made, there is an absence of expetimental research on
these issues.

The intent and purpese of this specific basic skills mathematics surriculum is to
address these problems by providing adult learners with the experiences necessary for their
proficiency in basic mathematics using the methods sugoested by research. A limited

evaluation of this curriculum is also included.

Limitations of the Siudv

The avaluation of a new basic skilis math curriculum was conducted at (Houcester
{County College, a southern New Jersey two vear .cfonnnunity collepe with an extensive
remediation program, over a seven week period from January to March of 1996, Student
enrollment is approximately 4400 with approximately a 9% minority population, All of

the nine MAT-010 classes used the new curriculum for the spring 1996 semester. Five of



the nine MAT-010 classes were evaluated after using the curneulum for approximately
seven weeks. All of the five MAT-010 instructors were surveyed at the end ff the seven
week penod.,

The traditional basic skills mathematics curticulum covers computations with
whole numbers, fractions, decimals and percents, The new curriculum covers the same’

material using a different sequence and approach.

Agsumption
For the most part, for the purposes of this study it is assumed that the textbook,

located in the appendix, 1§ the newly developed curriculum.

Definition of Terms

andragogy - from the Greek word aver {meaning adult) - thus being defined as the
art and science of helping adults (or, even better, maturing human beings) learn (Knowles,
1980}

conpectedness - having value and meaning beyond the instructional context—-a
connection to the larger social context within which students live; exhibited in instruction
when students address real-world public problems or use personal experiences as a
context for applying know]e:dge {INewmann, 1_993! 1994)

distributed practice - practice in the form of either multiple presentations of the

information to be learned (e.g., reviews) or in the form of tests; the practice sessions are



diginbuted over 8 relatively lensthy periods of time (e.g., three reviews w three months)
(Dempster, 1993/1994)

pedagogy - from the Greek words paid (meaning child) and agagus (meaning
cuide or leader}- thus being defined as tﬁe art and science ot teaching children (Knowles,
1980}

seff-talk - is anything one says to oneself. 1t can be positive, negarive,
encouraging, discouraging, uplifling, seli~defeating, productive, or counrerproductive.
Positive self-talk is motivating and anawer-secking  Successful students use selli-talk when
they ask themselves questiona about how to begin a problem, what result is degired, what
information is given, etc.

spiral curriculum - a concept credited {0 Jeromes § Bruner that involves

revisiting the same curricular sontent and expanding the level of mastery by

bulding on previcusty leamed ideas

Procedures

Gapne' s eurricuium model was used to develop a new cumiculum {3ee Appendix
A) addressing the problems of the traditional curnculum, Each curmiculum change was
justified. Research was cited to substantiate each change.

The curriculum was evaluated using an ﬂxpﬁﬁmeﬂt, Five classes were given a
version of the New Jersey Basic Skills Tes: as a pretest Two of the four units of the new

surriculum were covered in all of the classes. The first unit covered relationships of



rational numbers while the second covered approximation skills, problem solving skills,
and test taking strategies. Upon completion of the sccond unit, the five classés were given
a second version of the New Jersey Basic Skilis Test. A dependent t test was used to
determine whether the first two umts, which do not include anv cnniputatiﬂna] skills
review, had affected student achievement.

In addition to the student experiment, 2l MAT-010 mstructors were surveyed.
This survey evatuated the sequencing of the first two units and the attitudes of the

students by means of an opinionnaire.
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CHAPTER 2

Review of Related Literature

Introduction

The researchers found that there is a definite absence of related research on
remedtial basic gkills mathematica curri_cula for the adult learner. This absence of research
may be attributed to the fact that most institutions rely solely on tha textbook to define the
developmental mathematics curriculum. Hence, the presentations in this chapter are only
those of related literature, The material presented is divided into the following areas of
discussion; (1) connectedness and teaching for understanding, (2) setfluencing gontent, (3)
distributed practice, (4) use of alternative methods and estimation to teach problem
solving, (5) metacognitiqm self-talk, and overcoming mathematics anxiety, (6) clarity and

tanguage, and {7) humor, games, and cooperative learning,

Review of Related Literature

Connectedness and teaching for understandiﬁg. “Malkmg n:.f:mnec:til}ns isa
fandamental component of a coherent curriclum.  Finding connections amang the
students, subject-area content, and ’;.he outside world makes for more meaningful, coherent
leamning” (Pate, McGinnis, and Homestead, 1994, p. 62). Jerome S. Bruner (1977)
equates learning how things are related to learning the structure of knowledge. Newmann

and Wehlage (1993/1994) stress in rheir article, “Five Standards of Authentic Instruction™,



that when students address real-world problems or use their-personal experiences as a
context for prebiem solving, then instruction becomes connected. “Remediaﬁon is most
effzctive when it occurs in relationship to a student’s interest and when 1t supports hig
social, personal and vocational goals” {Sabatino & Mann, 1932, p. 49).

In his book, The Modern Pfactice of Adult Education Malcolm Knowles (1980)
suggests that remedial learning should be approached andragogically, making use of the
learners’ prior learning, The guidelines for adult education in Giri Scouting stipulate that
each adult learner is unique and brings prior experience to the learning situation which
should be respected and utilized (Preston, 1993).

According to Jere Brophy (1992/1994), current research fecuses on the role of the
student, recognizing that students try to make sense of information and relate it to what
they already know. Students need to develop and link new knowledge to preciasting
knowledge and behefs and to anchor the newly acquired kmowledge in concrete
experiences. These methods will enable the studenis to get beyond the rote memonzation
of rules to achieve understanding. Bruner {1977) suggests that the ability of srudents to
generalize develops from the understanding of a subject, and that students should strive
continnally to relate newly acquired information to the Sl;lbject. According to Sheila
Tobias (1993}, mathematics is usually taught in fragmented bits by teachers who were
taught the same way, Students are tested on the discrete bits, never realizing how these

pieces of information are integrated.



In agreement with Brophy’s theories, Tobias (1993) writes that students long to
understand facts in context, to find connections, and to comprehend underlyiﬁg structures.
The rules are minimized as students are shown the connectedness of the content. Using
historical facts or relating an example to a student’s life experiences, thereby making the
concept part of long-term memory, 1s a more effective alternative 1o memorizing rules.
“The facts must be presented in some conngetion and in some sort of system, smee
isclated items are laboriously acquired and easily forgotten™ (Polva, 1990, p. 218).

The following quotation from Puiﬁ (1990) emphasizes the importance of
understanding versus memosization. “To apply a rule to the letter, rigidly,
unquestioningly, in cases where 1t fits and in cases where it does not fit, is pedantry. . . .
Some pedants are quite successful; they understood their rule, at least in the beginning
{before they became pedants). .- . And if you are inclined to be a pedant and must rely
upon some rule learn this one: Always use your own brains firgt” (p. 148-149),

Sequencing content. Bruner (1977) advocates use of a spiral curriculum to
effectively teach bagic mathemaneal weas, Tt should be structured bke a funngd, “To bein
command of these basic ideas, to use them effectively, requires a continual deepening of
oneg’s understanding of them that comes from learming to use them in progressively more
complex forms” (p. 13). John Dewey (1938) had even used this same metaphor to
describe how 1o organize subject matter. He susgested that facts and ideas “become the

ground for further experiences in which new problems are presented. The processisa
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continual spiral” {p. 79). Bruner suggests that the curriculum cultivates the student’s
rathermarical infytion and allows the gudenr to revigit the same curricular content,
thereby expanding the student’s level of mastery. Oliver (1965) suggests that each revisit
be considered as a loop in the spiral, diflering fmm the former loop both in depih and
perspective,

The sequencing of the ﬂurricuhllm should depend primarnily om the lmowledge and
experience of the students (Houle, 1972). Pedagogical models of learning are not
appropriate for adult remedial or review situations. The logical seguence ol the
curriculum, which is necessary in the pedagogicat model, should be replaced by / sequence
prompted by readiness (Knowles 19807 “Adults, whose conceptual equipment 15 already
fairly sophisticated, might best learn elementary mathematics the second tume around by
diving i somewhere, anywhere at &l, and, sssisted by an informed interlocutor, proceed in
ever-widening concentric circles” {Tohias, 1993, p. 168). Tobias lilens the mathematical
links missing from most adult remedial students’ understanding to dropped stitches iz a
knitted garment. She believes that adulis should be able to pick up the lost stitches
withaut having to knit the entire garment again. Teachers of adults must assume that they
are “experienced, able to think for themselves, and eager 10 understand” (p. 168),

Distisbuted practice. Dempster {19953/1994) is a proponent of distributed or

gpaced practice, either multiple presentations of the material or multiple presentations of

tests.
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“Research has shown that, under certain conditions, practice may either reduce the
effecis of interference or result in proactive or retroactive facilitation of learning.
For example, the acquistiion of skill in multiplication is normally hampered by brief
exposures 1o problems with similar or identical digits and products, because
problems encountered early in a sequence interfere with problems infroduced kater
and vice versz. But with continued practice on both old problems and new
problems, these difficulties can be avoided” (p. 204).

The NCTM Standards {1989) suggest “the systematic mainrenance of student learnings,”
while opposing “exiended periods of individual seatwork practicing routine tasks” and
“rote memorization of facts and procedures” (p. 129). The efficacy of distnbuted practice
is evidenced by research at ali instructional levels, Walberg (1988 reported that spaced
practice mterspersed with other activities is superior to equal amounts of time devoted to
massed practice.

“Although ‘massed’ practice, which occurs over a relatively brief period (of time),
may result in rapid acquisition of new material, the learning is not as durable or as
resistant to interference as that acquired through frequent distributed practice.
Research sugpests that distributed practice does more than simply increase the
amount leamed; it frequently shifts the learner’s attention away from the verbatim
details of the material being studied to its deeper conceptual structure” (Dempster,
1993/1994, p. 204).

Use of alternaie methods and estimation to teach problem solving. In her writings,

Sheila Tobias (1993) points out that life experiences can be used to develop methods of
doing mathematical problems. She proposes that students need to be encouraged 1o use
personal reference points and intuition to resiructure problems so that they make sense.
From the very earliest of grades, intuition is discouraged and using a student’s knowledge
of his own world is almost never tapped as a resource. “Intuition can be developed fike

any other skill. It responds to exposure to math and to other related experiences™ (p.143).
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In Overcoming Math Anxietv, Tobias (1993) malees the point that teachers do
their students a very hig disservice by portraying themselves as infallible, always able o
come up with the correct answer easily and without any error along the way, even
appearig sometimes {0 .pull the answer right out of the air. If a student does not
undergtand how the teacher came up with the correct result, #t sometimes leads the student
to believe he is incapable of ever solving these types of problems, retdforeing s already
suffering sel-esteem.

Instruction at the elementary school level has fostered the notion of one ané only
one method to sohve each problem Different methods should be actively encouraged
{Tahias, 1993). Brophy {1992/1994) sugeests that smidents should be encauraged to
develop their own explanarions, make predictions, and debate alternative approaches to
problems, Tobias {1993} also notices tha: most adults are ashamed of any methods they
devise on their own to solve problems, assuming them to be ferior to the “right method”,
thus rendermg them useless,

Remedial students do not need more rules to memorize, they neg! fewer miles and
more understanding. A better approach would be to relate the concept to something the
student already has in hig long-term memory. Understanding a problem would eventually
lead the shident to come up with a useful algorithm or rule of his owr, possibly differing
from the generally accepted rule, but effective nonetheless. Another susgestion for
understanding various mathematical concepts could be to study how and for what purpose

the algorithms used most commonly were developed. If concepts ave infroduced when
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they are ne=ded, and the student given some lustoncal insight, 1t becomes easier for the
student to remember the associated algorithm {Tobias, 1993).

Both Polya {1990) znd Tobias (1993) expound on the use of estimation as an
mnportant and useful tool. Preoccupation with geiting the “right answer” in their previous
mathematics studies hinders many students’ use of this extremely invaluable tool.
Automatic usage of this tool would be beneficial to all students thronghout ther ves,
The 1989 NCTM Standards call for, among other things, the teaching of paper-and-pencil
estimation along with less computational drill and practice. “Real mathematics - the kind
we need for everyday problem solving - involves estimation, at least for starters, so we can
anticipate what the solution oughti to look like before we punch numbers into our
calculators™ (Tobias, 1993, p.40),

Even educated guessing has its place in mathematics educanon. “Many a guess
has tumed out to be wrong, but nevertheless useful in leading to a better one” (Polva,
19940, p. 99} Wrong answers can be viewed as steps to obtaining the correct answer
provided the student is willing to use the knowledge gained from the problem-solving
process. As Tobias points out, “The process of checlang one’s puess very often mimics
the aigorithm or formula by which the problem will eventually be solved” (1593, p.144).
Polva suggests learning from the problem by looking back, Hg admonishes students to
check the result, check the argument, derive the result differently, use the result for some
other problem, reinterpreat the problem, interpret the result, or state the new problem. “A

pood teacher . . . brings in the scratch paper he used in working out the problem, to share
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with the class the many false starts he had to make before solving it™ (Tobias, 1993,
p-53)

Metacognition_ self-talk, and overcomine mathematics anxiety, “Metacognitive
skills are related to thinking about thinkong, and more precisely, thinking about one’s own
learning. . . . The impertance of spending effort on the development about thinking-
ghout-thinldng skills  hecomes especially clear when it is realized that students who are
able learners develop these skills intuitively” (Ganz & Ganz, 1990/ 1'5-193, n. 64}_

Self-interrogation is one important metacognitive technique, Brown, Bransford,
Ferrara, and Campione (1982) suggest that successful learners use self-questioning among
other strategies. Brophy suggests that teachers “model the strategic aﬁpﬁcatians of skilis
via ‘think aloud’ demonstrations. These demonstrations make overt for students the
usvally covert strategic thinking that ouides the use of the skills for problem solving”
{(1992/15%4, p. 189). Along the same lines, Tobias suggests that the teacher should show
the student the entire thought process used in solving problems (1993).

“The best i, however, 1o help the siudent narurally. The teacher should put

Himself in the student’s place, he should see the student’s case, he should tiy to

understand what is going on in the student’s mind, and ask a question or mdicare a-

step that could kave occurred to the student kimself” (Polya, 1990, p. 1),

Polya repeatedly suggests questions for the would-be problem solver to pose.

Acquiring the skill to independently pose these questions is an underlying theme in his

classic book, How to Solve It. Questioning oneselfto solve a problem Is one positive

form of self-talk. According to Tobias (1993), replacing negative self-tallc such as, “Oh,
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no, I can’t do this problem!™, with appropriately modeled questions, is & desired goal for
remedial students. She also suggests using questionmg setf-talle when the shadent “poes
blank™.

Much mathematics anxiety is produced by giving students rules without
understanding,

“Math anxious people seem to have little or no faith in their own intuition. If an

idea comes into their heads or a strategy appears to them in a Hash, they will

assume it is wrong. They do not irust their infuition. Eiitrer they remember the

‘right formula’ immediately, or they give up” (Tobias, 1993, p. 66).

Fear of makine mistakes, in a sesmingly arbitrary subject, leads 1o anxiety, Perhaps the
greatest cause for anxiety, however, is the myth that mathematical ability is inborn, not the
result of hard work, “Parents . . . unwittingly foster the idea that 2 mathematical mnd 18
something one either has or does not have” (Tobias, 1993, p.53),

“Only i the United States do people believe that learning mathematics depends on

gpecial ability. In other coyntries, studenta, parents, and teachers all expect that

mogr studentg can magter mathematics if only they work hard enough” (Wational

Research Council, 1989, p.10).

To reduce amxdety, 1t 15 important to dispet the myth that mathematical ability is
inbom. Also, students need to reject the ideclogy that “if we haven’t learned sometling
5o far, it is probably because we can’t” {(Tobias, 1993, p.62). Remedial mathematics
programs should include, along with the necessary instructional help, strategies to reduce

marhematical anxviety by subatiuting positive beliefs for these negative ones (Tiew,

Galassi, & Gallasi, 1984). Because test andety and mathematics anxdety seem to averlap,
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as Sarason (1987) notes, in genergl, strategies used for mathematics amagety will work for
test anxiety as well (Dew, Galassi, & Gallasi, 1984).

Clarity and language. Conciseness s an inportant compongnt of elarity. Clear
explanations and modeling from the teacher are important, but so are opportunities to
answer questions abour the content (Brophy,1992/1994). “The ability to ‘say what you
mean and mean what you say’ should be one of the outcomes of good mathematics
teaching. This ability develops as & result of opportunities to talk sbout mathemafics. to
explain and discyss results which have been obtained, . . .” (Cockroft, 1982, p. 72).

“Differences in meaning between common language and mathematiical language do
get i our way . . . . There are conflicts between the common everyday use of words and
the use of words in math”™ .{Tc:bias, 1993, p. 37). Manv words, like “multiply”, mean cne
thing when first introduced in the language context, but in the marhematical context may
mean something quite different. Additional confusion arises when “multiply” s used to
represent the mathematical operation, because it has two different effects which depend on
the specific numbers involved. Tobias (1993) gives many more examples of words
eliciting this kind of confision and symbols with ambiguous meanings. In her book, she
quotes H, Poincare, a mathematician and educator; as saying, “ . . . a defimtion is
satisfactory only if the students understand it” (1993, p. 54).

Humor, cames and cooperzative learming. Remedial adoh students can benefit
from the use of humor in the curnculurt, Retention and comprehension are both aided by

the use of humor (Kaplan & Roscoe, 1977). Tebias (1993) readily uses cartoons {o
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iltustrate many situarions in her book, Qvercoming Math Amdetv, and Polya uses humor

throughout his book, How to Solve Tt.

“Given the choice between two techniques, choose the one involving the leamners
in the most active participation” (Knowles, 1980, p. 240} Sitherman {1990) also stresses
the principle of active learner participation. The use of games and manipuiatives in the
classroom provides for active student participation,

A relaxed and collaborative climate for review is preferable to the competitive and
judgmental climate needed in pedagogical situations (Knowles, 1980), Tobias encourages
teachers to have students work in groups, recognizing that competition increases tension
(1993), Schoenfeld (1985) suggests that working in small groups facilitates the learning
process. For example, as students justify to other group members their reasons for
choosing alternative solutions, articulation of knowledge and reasoning is promaoted.
Students also receive practice in collaboration, a skill needed in real-life problem solving,
“The growing body of research on cooperative learning inchcates that this mode of
insiruction is an effective instructional technique with students of all ability levels and in all
areas of mathematics, from remedial mathematics to college calenlus and beyond”
(Prichard & Bingaman, 1993, p, 221). Slaven (1990}, a staunch proponent of cooperative
learning strategies, proposes that these strategies have a positive effect on student self-

esteem, thereby reducing matheratics arqety.
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CHAPTER 3

Procedures

Introduction

This chapter presents a discussion of the procedures vsed in the development and
Lirmted evaiuaton of a basc skl mathematjcs curriculum for adults. A detailed
discussion of the development of the curriculum is presented first, followed by discussions
of each of the following: justification of curriculum changes, evaluation of student

progress, and a survey of instruciors’ opimons,

Development of the Curtlculum

This basic skills mathematics curriculum was developed to provide an alternative
means to increase adult learners’ proficiency in basic mathematics. This was accomplished
by changing the sequencing of the contents, as well as the actual learning experiences, to
be more effective in helping the adult learners integrate mathematical concepts with their
life experiences More specifically, this was developed to replace the traditionally
sequenced MAT-010 curriculum previously in use at Gloucester County College.

This curnculum was developed using Gagné’s model of curriculum development
(Appendix A). His model was selected because it best suited this revision of an already
existing curricutum and allowed for the formative and summative evaluations that are

needed to assess the curriculum while being implemented. Because the researchers were
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changing the sequencing of this particular curmculum, Gagne’s philosophy of hierarchical

sequence seemed appropriate as a guide (1987, p. 231). Another reason for choosing his

model was that it is goal driven, a real necessity for this particular eurriculim. The model
was followed in its entirety. The following is a description of how each step in his model

was accomplished.

Agalysis of needs and ideniification of needs. Prior 1o the development of this
cummiculum, the basic skalls mathematics classes at Gloucester County College experienced
problems with retention, attendance, and successful completion. These problems mdicated
that the curriculum was not meeting the needs of the students. All students are required to
pass a basic skills placement test to continue towards their degres. Passing this testis a
requirement before they can obtain credit for, or even enroll in, any mathematics course at
the college. The main purpose, then, of the MAT-010 course is to prepare the student for
successtiul completion of this test. The students are mostly “adult learners” who have
already completed many courses throughout their fives that dealt vaith the basic skills
mathematics topics, but have had trouble either with the retention of these skills or with
the test format itself, The previous curriculum did not take into account the special needs
and restraints of the adult learness nor draw on the varied experiences that they all have
acquired.

Goals and objectives. The goals of this curriculum were more or less dictated by

the college. It should be noted that pagsing the basic skills placement test is the main
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reason for taking this course and as such i3 a goal of each individual student. Another
important goal is the deﬁrelnpment of thinking, reasoning, and problem sobving skifls.

Ideniifv sliernative wavs of meetine the needs  After spending hours in search of
alternative learing experignces already Eeing used and inspecting every publisher’s texts
at The MIEA Convention, the reéearchers determined that there exists very little material
for adult learners. The researchers aiso asked colleagues, GED mathematics teachers, and
aryore remotely comnected waih this field for input and ideas. One professor at
Gloucester County Caollege, Foseann Foglio, gave very meaningful input and was very
interested in this project and its implementation.

Manipulatives, study groups, collaboratrve learning, educational games, and
compettions were identificd ag alternsrive methods of instruction to supplement the
already exiting Academic Support Lab and Computer Lab. Adult remedial mathematics
students have all been taught this material many, many himes before usmg mainly the
m_athcds of lecture and drill, For this reason, this curmiculum strives to limit the wse of
these two types of learning activitias.

Besign of svstem components. Most of the system compoenents were already in

place. The MAT-010 cousse is a fificen-week course consisting of two classes per wesk
which meet for one hour and fifteen minutes each. A placement test is given 10 ¢ach
student pricr to enrollment in the class. This is used a8 a preassesament test, Additional

individual learning takes place in the Compuster Lab and the Academic Support Lzb where



tutonng 1s provided. Componenis that were designed specifically for this new curmeuium
were based on the researchers’ application of related literature. They include learning
experiences that are composed of both group-orienied and self-paced acirvitics such ag
games, competitions, and collaborative assignments.

The course is divided into the following four units: (1) rational nembers, {2)
approsdmations, estimations, and test ‘Fa.k.ing, {3) multplicaton and diviston of rationat
numbers, and (4) addinon and subtraction of rational numbers. Each unit includes
ingtruction, applications to real life, and games At the end of each unit, 2 comnprehensive
multiple choice test similar to the placement test 1s given to assess how close each student
1s to the goal.

For the structure of this curticulum to he effective, the researchers agree with
Jerome Bruner and Robert Gagne rhat the structure is inherent and needs to be revealed to
the learner in deliberate, well thought out stages (Deighton, 1971).

Analysis of resources required, resources available, and canstraints. This
currigulum reguires adulr leaming activiries and, specifically, adult manipulatives and
games. These are not available commerciatly.

The Academic Support Lab 1s already i existence and provides tutoring and
computer avallability among other features. Tests similar to the placement test have been

devised.
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One constraint is getting a group of instructors tegether on their own fime to
facilitate implementation of this new curricutum, Because this eurricolum is so different
from the previcus cne, problems are encountered with personnel who just don’t want to
change. This curmiculum must be implemented in its entirety to be both effective and
meanngtil,

Acticn 1o remove or modify cqnstraints_ The ortginal three pilet classes were
waught by three instructors who were enthusiastic and trained to use the materials and text.
The current field testing consists of all of the MAT-010 instructors and all of the classes.
There are scheduled semi-monthly mestings to address specific prablems or concerns,
promote enthusizsm, discuss student feedback, and facilitate surmmattve evahiation. These
meetings are collaberative in nature. Statistics are being gathered to be presented to
fureure instructers at crientation. 1t would be umperative that the instructors usmg the
curngium be given traming speafic to it

Sefection or development of instructional matenials. Because of the unavailahility

of materials for this project, mosi of the researchers’ time was spemnt devising oniginal
materials, While devising these matertals, they needed to keep in mind the cumulative
nature of learning. It was necessary to devise each activity so that it draws ona
previously leaned experience as was expounded by Gagne (Deighton, 1971). After
researching all avatlable related literature, the applicable theories were incorporated into

this new curriculum,
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Design of student 3ssessment procedures. In order to pass this course, the college
has mandated that a gtudent pass the placement tegt, Formative testing ensures the
preparedness of each student. At the end of each unit, smidents ara given a comprehensive
test similar to the placement test. These tests are used diagnostically to indicate student
progress and as & tool in developing test taking sirategies.

Field testing, The researchers and one other instructor raught pilot classes using
the new cumculum. Roseann Foglio observed classes and helped with necessary revisions
to make tha course more effective. Feedback from these faculty members and fTom the
students involved helped with initial formative evaluation. Additionat formative evaluation
and teacher traning will be ongoing,

Adjustments revisions_and further evaluation. Tt is intend=d that adjustments and

revisions will be made afier a full semester using this curticulum,

Sumupative evaluation. This should take place only after gaverat semesters have
elapsed  Hopefiilly, the information collected dunng this period will show the cumculum
to be more effective. This would be shown by increases in student retention and increases
i the percentage of students who sueceed in accaomplighing the requirements to go on in
their mathematics endeavors. At that time, questionnaires completed by participating
faculty would be used to evaluaie and 1evise the GE:lITi{TLllum.

Opergaonal imgtaltment, Fyery MAT-010 elags is using the new curncilum and

text for thres semesters concluding in the spring of 1997, The curriculum is still in its
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field testing stage. Formal operational installment will occur only after favorable

gurnmative evaluation

Justification of Cuniculum Chanoes

This new currigiihum addresses the problems of the traditional curricutum. In the
process of its development, each curriculum change was justified. The carriculum applies
comcepts gathered from related literature which were cited 1o substantiaie cach change
These concepts, conpled with the regearchers” ideas for o new sequence of topics, were

the foundation for the development of this new curriculum.

Evaluation of Stydent Proeress

A limited evaluation of stedents’ progreas naing the new hasic skills mathematics
curricuium was conducted at Gloncester County College over a seven week period ffom
January to March of 1996, All of the nine MAT-010 classes used the new eurricnhim
during the spring 1996 semester, Five clagses were given a version of the New Jersey
Collepe Bagic Skills Placement Test as a pretest. This test is an indicator of the students’
computational skills with all forms of raiiopal pumbers, Two of the four units of the new
eurriculum were covered in all of the classes. These umnits only covered the relationships
of rational numbera and the use of approximation skills, problem solving skills, and test
taking strategies. No compuiational skills were taught prior to the mid-semester test. The

five classes were miven o gecond version of the New Jersey Cailegs Basic Skills Placement
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Test as the mid-semester test. A dependent t test was used to determine whether the first

two units had affected student achievement in computational skills,

Survey of the Instructors’ Opimons

All MAT-010 faculty were surveyed at the end of the seven week pertod when
they had completed the first two units,  All of the instructors had previously used the
traditional sequence to teach basic skills mathematics. This survey evaluated the
sequencing of the first two units and the attitedes of the students by means of an
opiniommaire. The survey used was validated by the jry method. It was also field tested

prior to distribution.
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CHARTER 4

Analysis of Data

Introduction

This chapter presents the analysis of the development and limited evahiation of a
basic skills mathematics ¢urticulum for adults. The limited evaluation of the new
curriculum is followed by the results of an evatuation of student progress and a survey of

insiructors’ opinions.

Evaluation of the Curriculum

The limited evaluation of the new curmiculum comsists only of citing texr locations
of selecied examples addressing each of the concepts gathered fram the related literamure.

The evaluation i8 summarized in Table 1.

Table 1

Evatpation of the Curriculum

Concept Addressed Selected Fxamples
Connegtedness and teachmp for “Links™ - pages 5, 6, 19, 31, 33, 49, 69, 109
understanding Real-life applicarions - pages 78-80, 155-160

Using holistic geometric interpretation to
understand square roots - pages 69-74



Tabie 1, continued

Concept Addressed

Selected Examples

Sequencing content

Distributed practice

Use of alternate methods and estimation
10 teach problem solving

Metacognition, seif-tall, and
overcoming mathematics anxiety

Clarity and lanpuage

Humar, games, and cooperative learming

Tahle of Conrents - page vil
Preface - page ix

Percent problems addressed - all
four units

“Mental Math Challenge 1, 2, and 37-
pagea 17, 57, 67

Alternative methods instruction - pages 11,
20, 35, 63, 123
Estimation - Unit 2

[Letters to the student - pages 1-2, 9-10, 90
Modeling self-talic - pages 27, 37-38, 42 906,
114, 133

Preface - pages n-x

Hlustration - page 105
Language of percent - page 123

“Irv™ - pages 2, 22, 74

Cartoons and graphics - thronghout text
Card games  puzzles, brain teasers - pages
163-179
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Evaluation of Student Proaress

Using pretest scores and posttest scores of the New Jersey Colleoe Bastc Skills
Placement Tests for fifty-eight students, a two-tailed dependent t test was performed. The

test indicated that the results were significant at the .01 level. The results are shown in

Table 2,
Table 2

Evaluation of Student Progress
Number in Sample (i) 58
Mean of the Differences of Scores {E) 29 1897
Standard Deviation of the Sample (S,) . 17.8003
Mean of the Difference of the Population (_:1) 0
t-scare 12.4886 *

* Significant at the 01 level

Analysis of the Survey

The survey was comprised of twelve questions {(Appendix B). Tt comtained both
forced-response and open-ended questions. The results of the forced-response questions

indicated that the new sequencing, the teaching of estimation skills, and testing in class
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with review appeared to be beneficial to the students. The students seemed to be more
attentive, participated more, and responded favorably to the distributed practice activities.

These results are summarized in Table 3.

Table 3

Responses to Opimonnaire

Ttem No. Strongly Agres Undecided Drigagree Strongly

Agree Disagree
1 3 1 1 0 0
2 0 0 0 3 0
3 1 3 1 ¢ 4]
4 3 1 1 ¢ 0
5 0 5 0 ¢ 0
& 3 1 1 0 0
7 0 0 1 2 2
8 Q 5 0 0 O
Q 4 i 0 0 0
10 3 1 0 1 ¢

The results of the open-ended questions foliow.

It was noted by one respondent that the use of an approach of understanding
concepts versus learning a particular method fosters students’ confidence, The respondent
| also mentioned that estimation was instrumental in building positive test-taking and study
habits. Another respondent commented that the information 15 presented in such a way

that the students realize their basic mathematics inadequacies. The introduction of rational



30

number relationships early in the text enables the students to understand number
relationships without the complication of arithmetic operations.

Twao respondents identified the need for inclusion of mixed review activities in
Unit 3. Additenally, one respondent suggested the inclusion of supplemental quizzes.
One final cotmment was that this curriculum is such a relief from the drudgery of tedious

review of arithmetic operations, thus proving that one can glevate as one remediates.
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CHAPTER 5

Sﬁmmary, Conclusions, and Recommendations

Introduction

Chapter five concludes the development and evaluation of a new basic skills
mathemalics carriculum for adult learners, The first section, Summary of the Findings,
provides a synopsis of the study. The second section, Conclusions, states the conclusions
drawn by the authors as a resuli of this study. The final section, Recommendations for

Further Study, suggests further research for future analysis of the curriculum.,

Summary of the Findings

The limjted evaluation of the new curriculum concluded that each of the concepts
géthered from the related terature was addressed by the new curticulum.

Student progress was evaluated using pretest scores and posttest scores of the
New Jersey College Basic Skills Placement Tests for fifty-eight students,. A two-tailed
dependent t test showed that the improvement in computational skills evidenced by the
achievement test scores was probably not attributable to sample error. The difference in
_ scores was significant at the .01 level.

The results of the forced-response questions of the opinionnaire showed that the
ingtructors’ opinions towards the new curriculum were favorable. This was determined by

the use of the Likert Method.



Conelusions

The new curvigutum successfily addressed each of the concepts gath-e:r&d from the
related literature. Using a dependent t test, results indicated that the siudents’
computational achievement was significantly improved after covering the first two umnits of
the text, which did not include computational instruction. The difference was significant
at the 01 leve_L These results concur with the NCTM 5tandards that concluded that
remediation is more effectively taughi by methods which siress understanding and not
computational drili,

The survey of instructors showed not only were the instructors in agreement with
the new curricutum, bit none of the respenses showed any disagreement. The magority of
instrctars strongty agreed with the new sequencing, testing in class, and teaching
estimation. Also, the majority noted an merease in class participation and atrentiveness,

and that the students seem to like the new sequencing and the card games.

Recommendations for Further Sindy

e recommendation is thar the instructors be surveved again at the conclusion of
the semester. This would improve the reliability of the study, The researchers also
recomimend that the evaluation of student progres-s be repeated at the end of the semester,
on a greater scale, and on a regular basis in future semesters.

Another area that the researchers feel should be investigated is the impgct thar the

successful completion of the first two units has on the mathematics anxiety level in



remedial adult learners. Because unit two deals extenstvely with coping with test and
mathematics anxiety, ideally there should be a reduction in anxiety along with the
mpraved achievement already evidenced.

The researchers would like to see thes curriculum tested 1 other comumunity
colleges and research done on iis effectiveness in contrast to existing remedial
mathematics curricufa. The curriculum could also be studied for possible use in other
appropriate andragogical settings, replacing the traditional curriculum that emphasizes
computatignat drill, GED clagses and igh school remedial mathematics classes are two
examples of where this new sequencing may prove beneficial. In addition, adoption of a
core curricutum, as suggested by the NCTM, necessitates research that addresses the

mathematics education of underachieving students (1993).

33
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APPENDIX A

Gacne's “Sieps n Ingtructional System Development”

Analysis and identification of needs
Definition of goals and objectives
Identification of alternative ways to meet needs
Design of system companents
Analysis of:

{2} Resources required

{b) Resources available

(c) Constraints
Action to remove or modify constraints
Selection or development of Instipctonal material
Diesign of student assessment procedures
Field testing: formative evaluation and teacher traiumg
Adjustmenis, revisions, and fureher evaluations
Summative evaluation

Operational installment

a7
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SURVEY

Part A - The following statements represent opinions. Please check vour position on the

scale as follows;
1 - I strongly agree. 2 - I apree. 3 - T am undecided.
4 - I disagree 3 -1 strongly disagree.

1.} The sequence of this new curriculum appears to be more beneficial to the students.
1 2 3 4 5

2.} The studenis scem (o dishke thies new séduence.
1 2 3 4 5

3.) The students seem 1o like the activities involving the decks of cards.
1 2 3 4 5

4) It 15 more enjoyable teaching this course using the new curmiculum.

1 2 3 4 3

3.} The students seem to be mare attentive and/or interested n the material being taught,
1 2 3 4 5

6.) Testing in class and going over the problems after completion 18 & beneficial learning
experience.

1 2 3 4 5

7.) Comprehensive tests are less beneficial than unit tests
1 2 3 & 5

8.} The students seemed to respond favorably to the “Mental Math Challenges® spaced
throughout Units 1 and 2.
1 2 3 4 5

03} Teaching estimation as an essential learning tool has benefitted vour students this
sermester,

I 2 3 4 il

10.) An increase in class participation has been noted.

1 2 3 4 3



Part B - Plezse complete each of the following,

13.) Liat any advantages/strengtha pertaining to this curticulum.

12.) Ligt any disadvantapes/weaknesses pertaining to this curriculum.

13.) Comments {parteularly those comparing this new curmiculum to the old curriciium):
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Instructions

How to Use this Texthook

Notice the red rectangular areas throughout this book. These areas contain answers to the problems or
guestions. Do each problem as you proceed, wiiling your answer on your paper. Immediately check
yourself by placing the RED} ACETATE CARI over the red rectangular area to see if vou ore correet, I
you have made a mistake, draw a circle around your angwer, This will prepare you to ask pertinent

questiong, It will also help indicate those areas on which you need to concentrate.

How to View Stercograms (on the cover)
Learning to see these images may take some practice. Ifyou don’t get them at firgt, don't be

discouraged. With a little practice it usually becomes much easier to see them,

The viewing enviromnent is very important. For new viewers, it should be relaxed and quist with good
lighting, Be sure to keep the image still and level at all times. You neéd to be able to relax and

concentrate for 2 winle without disruptions.

Method 1' Pesition the imape a comforiable distance away from you - usually 18 (o 24 inches. Allow

your eyes to relax and “space out’ or wander away from a fixed focal point. When You see

" the repetitions in the patrern, try to ‘lock in’ on them se that they overlap. You should begin
to see the 3-D image emerge. Don't force it too hard, but slowly try to bring it into focus.
When you have it, you should he able to look around at other parts of the picture,

Method 2. Look at the “convergence dots™ at the top of the picture and allow your eyes to relax and
cross slightly until you see three dots, Look at the center dot and wait until your eyes have
focused comfortably on it Slowly Jower your view to the rest of the image, and you should
see the 3-I) image

Method 3: Position the image so that it is touching vour nose. You won't be shle to focus on it, but
that’s OK. Relax your eyes so thal you see a blurry mess of colors, and wait a few seconds

until it feels comfortable. Now, slowly move the image away from your face. Don't iry to



Jook at the image or focus on it, just relax and slowly move it away. Soon, you should start
1o see depthin it. Let the image develop, but don’t force it. Be patient, and soon the 3-D

picture will bacome clear. If you lose it at any time, just start over.

Seolution to stereogram on the cover: M AT H
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This book is ot a book of tricks. This book is a unique, non-threatening, and proven approach to
mastering essential math. Math educators are always seeking better, more effective methods for helping
math anxious adults. The approach offered presents a new method of learning. Instead of following the
traditional sequence of math concepts, the students are skown how numbers actually work.

The fallacies that especially the American people labor under, do hinder our mathematical
achievernent as 2 whole. Americans tend to think that people who excel in math, or science for that
matter, must be gifted. The Jzpanese, in contrast, consider people who excel to be those who have
worked very hard at the particuler subject. When a student has any difficulty with math, he is made to
fzel as if he is not “gifted” and rather than work hard to master the math skill, uses his “nor- piftedness™
a§ an excuse for continued failure. Unfortunately, the people around him, products of the same system,
most times do not help the student to see this fallacy, as quite a few of them are still suffering from the
same misconception about themselves. Sheila Tobias in Gvercoming Math Anxiery substantiates this fact
about American attitudes on math achievement with many documented studies and shows, additionally,
how this falfacy extends particularly to the supposed gender differences in math abilities,

There are really no mathematically illiterate people, only those who have not learned to do math in
a way that works for them. Unforrunately, the kéy to eventually becoming math Kterate is for the student
10 be presented with the materials in different ways and not merely the same way over and over again,
Students need to be shown that there is more than one way to solve every math problem, Not only are
students given the impression that there is only one answer to a problem, they are also told, to varving
degrees, that there 15 a “right way” to do a math [;roblem, In many schools, students are only taught one
method for solving any piven problem. Even worse, should the:y; stutible upon their own equally correct
algorithm, the student is usually reprimanded. Knowles Dougherty, 2 specialist in teaching the math-
disabled, demonstrated the adult learner’s problem with this kind of restrictive math background. The
adults in the ﬁtudy were all asked to do a word problem in their heads and tell how they did it, without
giving the answer. It tumed out, accerding to the study, that each adult was ashamed of the system (or
algorithm) they used 1o solve the problem. They assumed that because there was only one correct answer
to any given math problem, there was only one “right way” to do the problem and it was not their way.
Stadents need to be encouraged to use personal reference points and intuition to restructure problems so
that they make sense. From the carliest of grades, intuition is discouraged and using a student’s

knowledge of his own world is almost never tapped as a resource.
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As for “showing how numbers acmally worl," consider the following directions from a traditional

texthool:

“Tust express the hundredth as a dectmal, delete the decimal point, and place the pereent sign after &t.”
This i= exactly the type of math instruction that makes for anxious, math jlliterates. A person who
rememnbered how to do this particular problem from prior knowledge is the only one who could do what
* the author is instructing. The person having trouble with math, will be asking how {0 ¢xpress the
hundredth as a decimal, and why delete the decimal point, etc. The person experiencing math anxiety will
not remember this kind of algorithm accurately, il al Vall. Usnally, what happens is that the student
remembers that the decimal point must be moved, but which way and how many places, is elusive.
Understanding a problem, on the other hand would eventually lead a student to come up with the
algorithm on his own  Math cicious students do not need more vules to memorize, they need fewer nules
and more understanding. If a person can connect something to the lopg term memory, it will b muach
easier 1o retieve the information. To what long term information could the above example be
sonnected? Life expericnces can be used to develop methods of doing math problems.

A suppeation for understanding various math concepts could be to study how and for what
purpose the algorithms used most commonly were developed. If congepts are introduced when they are
needed, and the student given some historical insight, it becomes easier for the student to remember the
associated algorithms. Many students, according to many learning style speciaiists, can learn best when
first shown how the material fits into the much bigger picture.

Teachers sometimes do their students a very big disservice by portraying themselves as infallible,
always able 10 come up with the correct answer ¢asily and without any error along the way, and
appearing se:ﬁetmas to pull the answer right out of the air, If a student does not understand how the
teacher obtained the correct result, it sometimes leads o the false belief that the student 18 incapable of
ever solving these types of problems This book encourages and leads the student to mrake use of seif-
tafk, a very useful learning tool which helps to overcome this fear.

This book employs methods 1o bolster the esteem and expectations of the readers. It encourages
the student 1o reason, using real life experiences rather than depending on ope’s ability to memorize. The
student becomes “free” to develop understanding of the subject.



Letter to the Student

Dear Student,

It seetns that mamny people who have been taught arithmetic don’t feel confident
when they need to apply some basic concepts. There are probably an overwhelming
number of reasons for this difemma. However, whatever the reason, what can be done
now? No one who seriousty wants to continue fiis or her education should be stopped by
an obstacle that can be, 1n most cases, removed.

The material presented in this book is no different from that in any basic math
book, but the approach is very different. Have you seen the three-dimensional computer
art that is popular now? You stand so close that the images are a blur. Then as you
move back, fooking at it from a different angle, another image pops out all of a sudden.
Maybe looking at the same ofd math from another angle will help to make it more clear.
Just as with the computer art where some people see the images immediately while it
takes others a fittle fonger, so too may be the case with the basic math in this book, Stay

Sfocused. Be patient. It will be worth the effort]

Please react to the following statements and check those that describe how you feel about math.

e

U'l} never be gble to do math because 1 don’t have a mathematical mind.

k2

I get all the answers in the exercises right, but I flunk the tests when they are mixed up,

I’ll naver use this math.

Word problems make me sick.

oW

Lh

Why can’t | just use my calculator?

o

My answers are usually right but the decimal points are in the wrong spots.

It’s been years since I've worked with fractions.

g -

The teacher confuses me.

9. Ithought I knew how to read until I opened my math book!

___10. I never know when to use the percent sign.

If you checked any of the above statements, THIS BOOK’S FOR YOTU!
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This book will answer the following guestions and many, many more!!

3% When ig using a fraction a better choice than using a decimal?
++¥ Which way do you move that %(@#%&! decimal point?

*%* How many places do you move that Ye@w&! point?

#*% Do you divide the bottom number into the top or vice-versa?
*4% Which fraction do I flip? And when?

#+* Can I just get nd of the percent sign?

**% I{aw come I need 1o work with a fraction and a percent at the same time? And what exactly does

3 % mean?

And what exacily is an
egrevni operation or a |
a

c
o
r
0
1
o
e
r

o
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1.1 Introduction

Althouph other sets of numbers are used in all branches of mathematics, pur discussion wilt focus
on the set of rational numbers. Many rational numbers are elements in more than ane set. Different sets
of numbers are useful in certain types of applications. Therefore, it is important and convenient to know

~ how they compare with cach other.
Those iders, procedures, or definitions that join and connect the topics previousty learned to

thosze currently being presented will be called links: St |

<= (Quotient - the result of dividing one rational number by another

=2, where 218 the quotient

| oo

Example:

Example: 6+ 7=7%  where 3 is the quotient

<<z>  Inieger - a positive or negative quotient that can he expressed as a whole number divided by

one
g o
Example: +E = +8, where +8 18 an integer

3

1 = -3, where -5 1s an integer

Fxample: -

<o Terminating decimal - 2 decimal fraction whose denormnator can be identified

625
5 .
Example: — =§)5.000 , where .625 is a terminating decimal
P a ) g

< Repeating decimal - a decimal in which a digit or block of digits repeats on to infinity

Example: 123123123123



—rxs  Hatlonal number - a number that can be expressed as the quotient of two integers. These are

mastly all of the numbers thar we work with daily.

Al fractions are rafforial numbers,

.1 e 287 18
Examples, T s BT TwO * 5

Mixed numbers are rationa] numbers, Change them to improper fractions.
Examples: 2i=% 4;=4%

Whole mimbers zre rarionel numbers. Write them as whole numbers divided by 1, with the whole
mumber a5 the numerator and 1 as the denominator.

Examples: 7=1, 3=92 0

Termirating and repeating decimals are razorel numbers, Some even refer to decimalg as decimal

fractions. We actually read decimals as fractions. For example, 0.12 would be read as “twelve
hundredths” the same a8 q5; would be read.

Examples: 0.12=%, 1.7=1

=€

=& 03=1

Here is an example showing that repeating decimals are rational.

To ghow that 0.12 =2

32 2

Tet N = .12
100N = 12,12 (multiply both sides by 100)
N = -1z2 (subtract N from both sides)
sa, QIN = 12
N= k=4

i = (divide both sides by 99 and reduce)



Percenns are rafional rambers. Percent means per hundred, o out of 100, or divided by 100,

Example: 7% means 7outof 100, or & .or 7 <+ 100 (7 divided by 100).
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We should study these types of rational numbers together hecaugs they follow g

&, ot only types or

and are interchangeable. It is very necessary to understand all mymbers ag a whol

aroups of numbers.

Notice this grapefruit half. There are different ways to refor to the quantity of grapefiuil as pictured.

t

0.5 of a grapefruit ~ 50% of a grape

3 of  prapefruit

Each of these describes the picture.



Dear Reader,

“Self-talk is anything one says to oneself. It can be positive, negative,
encouraging, discouraging, uplifting, self-defeating, productive, or counter-productive,
Everyone does some Rind of “self-talk’. Most students need to be shown fow to make
their seff-talk more positive, motivating, and answer-seekjng,

One area of self-talk that we will be addressing t Unit 2 is what we say to
oursetves in a test situation. It is not only important to Know the math concepts on a
test, but also to free the mind to demonstrate what we know.

The second crucial area for self-talk is problem solving. When we truly learn
mathematical concepts we begin to see Aow the ideas and metfiods "fit” together, Likea
Jgsaw puzzle, there is a sense of accomplishment as we see eack piece, properly placed,
fielping to achieve the final result. We know that for a rectangular puzele, we will Rave

Jfour corners and straight edges framing the puzzle. This is how we begin to think or use
positive and productive “self-talk” to complete the task,

‘Self-talk also tnvolves thinking about how to use the Rpowledge we already have
to solve a new problem or application. It is a technique to practice 5o that a logical,
selective approach to problem sofving, concept connection, and real leaming can occur,
When we ask ourselves questions about fiow to begin to sofve a problem, what result we
are trying to achieve, what information is given and fiow does it “fit” into the solution
we are using, we will be using “self-talk]. Sometimes, “self-talk" is used to teinforce
learning new concepts by reviewing. Most often, hiowever, it will be the (zbel used to
describe the unigue way each person iries one step after another in a solution, and then
accEPLS or Tefects that route to the sofution, continuously proceeding toward the goal or
answerin g problem. Each problem, therefore, does not depend solely on memorization of
rules but on fow concepts are connected and fitted together for a sclution.

Another comparison might be to searching a destination using radar. The path
taken by radaris a zigzag toward the goal, When the route goes too far to the left, it
corrects and goes to the right. ‘Then, as it gets too far to the right it changes direction
again until it accurately meets its mark, Even wrong answers can often lead to the right
answer, when viewed as detours ratfier than a dead end. Too often in mathematics, it is
believed that only one route is best and 1t should be understood that how a person reaches
a conctusion or answer may be unique and creative. The significant part of an

-9 _



application is that the goalts achieved in a timely fashion,

Throughout the book, the authors will show some of their self-talkl or logic bekind
the problem-sofving steps. By following alony, 1t 35 hoped that the student will become
proficient in positive, productive seff-talk,

F'raLHﬂﬂ'S!
YoUYE moking
ime di ¥a.r.+iuri

This is an example of negative self-talk!
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1.2 Relationships between Fractions, Decimals, and Percents

One useful concept in all branches of mathematics, as well ag many other practical situations, is
that one value can be substituted for another provided that the values are equal to each other
Dx¢termining what values are equal Lo each other requires undergtanding how the different values, such as
fractions, decimals, and percents, relate to each other.

It should be established that converting an expression from one form to another is not an exercige
designed to frustrate the student. Often one way of expressing a valie provides the quickest and easiest
wiay Lo reach the desired result or ¢conclusion.

For example:

In order to qualify for a special low rate mortgage, the agency, such as the state,
may require a minimum down payment of 20% of the selling price of the house  The selling
price of the house is §155,250 . One way 1o find 20% of $155,250 {there are other
methods) is to divide by 5 and get $31,050 , which can be done by inspection. Why?
20% = 55 = + and + times any value is the same as the value divided by 5

Understanding how to seleet the method you understand best is the motivation for learning
equivalence of fractions, decimals, and percents. A variety of ways can be used to find solutions to
problems. Just as a menu in & restaurant provides us the opportumnity to select the meal we want, learmng
sives us the confidence Lo develop our own solurion 10 @ problem. Just as we address the some person by
different names, i e. “Mrs. Kugelshopper™, “Mom”, or “you idiot driver!”, we also use differént names to
refer to the same quantity. For example, 1, 0.5, and 50% all refer to the same amount. We choose
different ways of addressing a person depending on the situation $6 100, the choice of form (fraction,

decimal, or pereent) of a particular amount will depend on its usage.

To convert from a fraction Lo a decimal we merely do the indicated division.

Example: & means “1 divided by 4",

So, + = 4} = 4100 = 0.25

- 11 -



Ta convert from a pereent to a decimal, firgt remember that percent means “per hundred” or “divided by
1007 So, divide the digits by 100
Examples: 79% means 79 divided by 100, or 79 hundredths.
e, T9% = 79+ 100 = 0.79
So, 5% = 0.05, 27% = 0.27,
100% = 1.0G, 60% = 0.60 = 0.6, andsoon
Remembering that “%"” means divided by 100 will enable you to represent the value correctly.

Examples: 3.5% = (.033 400% = 4,00 = 4 0,25% = 0,062%

T¢ convert from a decimal to a percent, write the decimal as hundredths and substitute the percent sign
"% for the word hundredihs
Examples. 0.67 1 67 undredrhs, s 0.67 = 67% .
0.3 is 3 tenths or 30 hundredths, se 0.3 = 309
In general, if you mulriply and divide o number by the same amount you will not change its value. Hence,
if you want to use the percent symbol %" which indicates drvision by 100 , you must alsa mudfiply the
number by 100 so as not to change the value.

Exsmple: 0.324 = 32,4%

A fraction is an indicated division.

Examples: 35+ 7 = TT

+35 = 35)7 =

-'|
_,|q A

To convert from a decimal to a fraction, wite the decimal digits over the “place”, then reduce if

TiECassary.
Examples:  0.379 i read “379 thousandths” which can be wiitten in fraction form a8 g .
0.8 isread “8 tenths” which can be written as & which reducesto + .
1.3 isread “1 and 3 tenths” which can be written as 13 .
0.75 = & = ¢

224 = 21 = 2

o
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For those needing a more detailed description of this procedure, consider the following,
Convertung a decimal to a fraction:
Step 1. Determine the dengminator by writing a 1 in the position of the decimal
point and follow with the same number of zeros as the decimal has places,

Step 2: Determine the numerator by writing the whole number that is senerated by

removing the decimal point,

Example: Convert the value 0125 to a fraction.

Stepl: 0125
Lided
19600 10,000 is the denominator,

Step 2. 0125is the same as 125, 125 is the mumerator.
Hence, 0125 = it = &
To convert from a percent to a fraction, wrile the percent (without the % sign) over 100 and reduce if

necossary. You are actually dividing by 100, which is what “percent” means,

Examples: 9% = . 20% = & = @
100% = 3 = 1 300% = &= 3

142

1 wonder winy
| always get the number part right

but the decimal paint in the wrong place!!t

If you have the same problem ag Irv, you may be relying on nules without understanding. If you
understand the relationships between the fraction, decimal, and percent forms, where the decimal paint is

placed in your answer will become apparent.
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Rational Numbers (Equivalences)

Write ag fractions. Do NOT solve.
;.pj - £, | Y8
fﬂ. 3%’-&%%3&'

1. 36=+9

Divide mentally.
6. 387621000
7. 45.57+10

& 355.8-100

9. A shipment of 100 hammers costs 2 hardware store $418. Find the cost of
ane harmmet,

10, A school project will cost a group of 10 students 534, What will be each
student's share of the cast?

— 15 =



Wiite cach of the following as a fraction in simplest form AND as a decimal.

11, 14300
12 s

3. 47+1000
15 B

15

& 31+10000
17, 33

18,

10 2410
2 pe

Change any fractions 1o decimals, and change decimals to fractions in simplest
form.

at..2.87
A
2%, 0.462

24,

pofun

25, 34.0001
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Mental Math Challenge 1

Fill in the table below with the missing equivalent fraction (in lowest terms),
decimal and/or percent. You will have ten minutes to complete this exercise.

Fraction Decimal Percent
1 ) i‘%ﬂ =E ST
L i b kAl o
2 e
0.04 i T o
15% A D
%ﬁ?‘;.'\rﬁi 3 :
0.1 g
5, 3 G
4 e~ Fd
6‘ ?‘ : wirs, '-‘:
L8 e e
,;, Iir -u_ - 'r 4 ‘t? J%
3 i: : ’ ' : iy
340% s '
g. 2 '.'. ” Y AR
§ .' i
10. "
2%
11 1 =,
5 T
i2 %
- 5
0.45 4
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2
a0%
80%
100%

1

0,25
0.3
¢
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13
14
15
16
17
18
19
20,
21.
22
23
24
23



== Equivalent - having the same value

To determine if rational nurnbers are equivalent, consider the following

methods.

To eheck for equivalence of decimals, write them “the same length”. Ther,
COMpALE.
Examples: Does 1.5 = 1.507
Write 1.5 4 & decimal with two decimal places,
Just as 1.50 is writien,
Then, compare the two numbers.

1.50 = 1.50, 80 the decimals are equivalenr

Does 0.64 = 0.640 7
Write (.64 a3 0,640 . Then, compare.
0.640 = 0.040, go the decimals are equivalent.

Does 2.31 = 23017
Write 2,31 as 2.510  Thex, compare.
2310 = 2301, so the decimals are not equivalent,

Are any of the [ollowing pairs of decimals equivalent? (ves/no)
(3,69 and 0.689
2,13 and 2.130
0,72 and 0.785
0.236 and 0.2360
128 and 13
498 and 5

- 19 —




o check for equivalence of fractions, consider either of the following two

nethods.

Example: Does £ = 17

Methodd 17 Tor fractions to be equivalent they must reduce
to the same fizction. Simplify each facton by
reducing to lowest ternis (inless they are already
teduced), and then inspect them.

Singe hoth of these fractions are given n their
lowest terms it is obvious that they arg ot
aivalent

4 13
Hence, ¢ = 5.

Method 2. Use cross-products by multiplying the numerator of
each fraciion by the denominator of the other
fraction. Ther, compare their products. If the
products are not equal, the fractions are not
eguivalent.

So, tocheck if 3 = ¢, multiply 4 = 15 = &0,
then 5= 13 = 65.

Since 60 65, % = 1.

Example: Dogs ;=547

Tf you want to use Method 1 you would have to reduce

both fractions. 4 reduces to and =% reducesto

— F)

. Since thev both reduce to the same fraction, then

T



Arg any of the following pairs of [rzctions equivalent? (yes/no)
Fend

gnd 2

wafia

and -+

s

~d|&

and 32

Te check for equivalence of any pair of rarional nuimbers, the numbers must
first be converted o the same form.
Example: Does + = 0.5007
To dererming if these numbers are equivalent, you can
aither convert the fraction to its degirual form or the
decimal 1o its fraction form; then compare.
{Recall that you divide the mumerator by the

denominator 1o convert the fraction to a decimal. |

13 ]=

= = 0.5 = 0,500

Hence, + = 0,500 .

{Or, recall that you write the decimal digits aver the
“place” and then reduce 1o convert the decimal to a
fraction.] |

0,500 = =z

1200 10

|-

Héncea %= 0,300 .

1

Example: Tdoes + = 30% 7

{Recall that you wirtc the percent over 100 and reduce
10 CONVETT A pereent Lo a fraction.]

aQ, = W =3
30% e 10

LA

Sinee lz< | L1a30%.
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Example: Thoes 0.3 = &7

L =02 and 0.2 = 0.5

Hence, 0.5 = 1.

Are any of the following pairs of rational numbers equivalent? (yesfno)
w3 and 0,5
0.5% and 4%
L and 1%

O N
HOW AM | SUPFOLED TG DO
PIRCENTS THAT AAVE TRACTIONS

N THEMI '-h,,_::,x:

Don’t get psyched like our friend Irv. Just remember that the % symbal megns to divide by 100




Equivalence

For the foliowing pairs of numbers, 1¢ll whether each is equivalent, {=), or not
equivalent, (=),

1. 025 _ 25%
7. 0.25 %
3 % 66%
4 -% 0.6
5 % 0,66
6 % 0.6
7 5% %
. 5% %
9. 5% %

S I -



10,

it

12,

13

14.

15

16

17.

18

19,

20

% 0.05

33%

h-}l»—-

33% 0,33

33% A

1.8 180%

18 1.E%

L5 1&

g4 8.5

By % 8.5

8%% 0.085%
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When did you last compere one value to another to determing which was greater? Many times
we compare values automatically and, of course, we don’t stop to reflect what mathematical concept we
are uging. Any aware congumer needs to evaluate frequently how to purchase those things that they need
Or want at the lowest cost. Fortunately, in most cases, the values pre cxpressed in like terms, For
exammple:;

Unir prieg per quart  £1.49
Unit price per gallon  $5.50

However, since not all comparisons are commonly made, it ig necessary to develop those
techniques that ¢an be used to reach aceurate ways of ordering valies,

Symbols can be used to replace the words “is greater than”” and “is less than™. The symbol
resembles the head of an arrow and points to the sialler value, The expression 8> 5 is rend “eiphi is
greater than five™. The ¢xpression 2 < 10 is read “two is less than ten®

You may also reed to kaow how to arrange numbers in order, either from siallest to largest or
largest to smalicst. This process of arranging is sometimes referred to as ordermg Conparing numbers
to determine which is larger or smaller is the first step in ordering. In arder to compare rational numbers,
they must firgt be of the same form (fiaction, decimal or percent). Then, you must imake sure that they

have the same denominator,

To compei¢ percents, merely compare the digits themselves since percents arg
“hundredths” and therefore alreacy have the same denominator.
Example: Tz 50% > 25% 7
Singe 50 > 25, 50% > 25% .
So, 6% < 60%, 12% < 12.3% . and soon.
Hence, 28% _ 35%
16.1% __ 18%
68% _ 67.9%

— 25 -



To compare decimals, first write them the “same length” (with the same mumber
of degznal places). They will now have the same dencminators, Then, comparc
their digits.  [Recall that decimals are decimal fractions and therefore need the
same denominators in order to be compared. The digits that you compare are
actually the numerators of the decimals!]
Example; 0.1 ? 0.6
These decirnals already have the same number of decimal
places, so you only need to compare their digs.
Since 1 < 6, then 0.1 < 0.6,
[You are comparing “one tenth” to “six tenths” ]
Example: 0.1 7 0.16
Changethe 0.1 to_ . Then compare the digits.
Sinee 10 < 16, then 0,10 < 0.16.
[You are comparing “ten hundredths” to “sixtecn
hundredths™ ]
Hence, 0.1 < 0.16 .
Example: 1 27 0.3
Changethe 1 to .
Singe 10 > 3, then 1.0 > 03
Hence, 1 > 0.3 .

To compare fractions, wite them with the same denommators and compare
their numerators. You could 2iso write the fiactions as decimals and compare,
This method may be the best choice for those using caleulators.
Example: $ ?
4 = 12 [Recall that you can multiply % by any
fraction that is equivalent to 1 in order to change it to
an equivalent fraction with a different denominator.
In this case, + isused. 3 x § = §1
Since 2 < 1 | then § < .

i3 15 7
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2 = 3 2 =
;3 =7 amd £ =

Since & < X then

To compare any pair of rational numbers, first convert one of them so that they
are hoth in the same form (fraction, decimal, or percent).
Example: 0.25 2 +
For this problem you could either change 0.25 10 a
fraction and then compare two [factions, or you could

change = to a decimal and compare two decimals,

Demaonstrations of both methads follow.
Method 1-
0.25 = 1 = 3

Since £ < &  then 0,25 <

o o

Methaod 2:
7 = 0375 and 0.25 =

Since 0,250 < 0,375, then 0,25 <

o [

Example: 3 2 0.8
Since ¢ is 2 fraction that can be easily converted to

decimal form, go that route.
4 =075 end 0,8 = 0.80

singe 0,75 < 0.80, then 3 < 0.3,
Exgmple: £ 2 04
% = 036 and 0.4-

Since 0.36 040, then X 0.4 .
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Equivalence & Ordering

Complete each statement by filling in the symbol <, = or >

1. 0720 0.73
3 8
z 5 15
3. 35% 1
: 4
4. 3 2.9
3 15
>R 70
5. 02 21%
7. 0.03 0.030
2 3
8 3 g
o 100% 1.1
10.  0.41 0.4
1l 5
L5 6
' 2
12, 0.5 <
13, 1.08 1.80
4. 22% 1
5
15. 2 2.0
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Equivalence and Ordering the Sequel

a) 0.005 &} 50 i) %
b) 0.05 f) 500 i) %
c) 0.5 g) 21—0 k) 2—3}0-
d) 5 B L D 55

Choose the letter(s) for the answer(s) that will make the following
statements true.

1. 5% =

2 5% >

3. 5% <

4. 50% =
5. 50% =
6. 30% <
7. 500% =
8. 500% >
9. 500% <
16, 0.5% =
1. 0.5% >
12. 0.5% <
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Ordering

Choose the largest from each of the following pairs of rational numbers.

1. 025 or %
2 % or 66%
]
2
3 2 or 0.0

2 6
4 % o 06

5. 5% or %
6. 5% ar %
7. 33% or %

g. 18 or 1,B%

9. 8i% or 85

— 30 —



1.3 Ratie and Proportion

<z Ratig - 4 number written 23 the quotient of two inlegers, i.e. wrirten in the form of a fraction. 1t

compares Two fumbers by division,

- 2 et [ 17 1
Example: The ratio 3 woild mean “two compared to three” or merely “2 to 37,

Example: The ratio of 6 to 11 would be expressed as %

e

A ratie may be written ysing the symbol 17,

Example: The raiio of 5to 8 would b expressed as 5: 8,

A ratip should always be written in its simplest farm; that is, as a reduced fraction,

2, .
Example: The ratio of 410 10 would be fcn Lot in simplest form.

Rafios can compare like quantities,

Example: The ratio of © inches wo 14 inches would be -% . The nnit “inches™ need not be

written.

Example: The ratic of 20 1b. to 50 b, would be %g— QI’% :

Rarios can compare uanlike quantities.
if' the quantities to be compared sre wnlike, it may be possible to convert one of the ﬁnits and express
them as like quantities.
Example: To express the ratio of 2 feet to 7 inches, first convert the nmber of feet into 4
number ¢f inches.
Since there are 12 inches in 1 foot, 2 feet would equal 24 inches,

2 feet 24 inches 24
Henge, — = — = =
7 inches 7 inches 7
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Example: To express the ratio of 10 hours to 2 days, first convert the number of days into a
number of hours.

2 davs = 48 hours

10 hours 10 hours 10 5
Hence, = = — = -
2 days 48 hours 45 24

There may be times when the urlike quantities to be compared cannot have their units converted 1o make
them Jike quantities.
Example. To express the ratio of 20 ounces to 50 cents, no conversion can be made.

However, it must still be written in simplest form, Also, since the units are different

they must be written in the ratio.

20 ounces 2 ounces
Hence, - — .
50 cents 3 cents

Example; A 6. roastto serve 24 persons would be expressed as
6 Ib. 1l

24 persons 4 persons

Write as ratios in simplest form.

1610 12

100 1o 90

20vd. to 24 vd

Bin.to 3 ft.

9 dumes 10 3 quarters
A soccer team wins 7 ofits 18 pames played.

Write the ratic of games won to games played.

Write the ratio of games won to games lost.

-1



<D Propartion - 4 siatement that two ratios are equal,

k]

b .
Example: % =3 is read “threc is to four as siv 15 to eight™.

Each number in a proporticn is called & teem of the proporfion.

Use crass-praducts to check if & proportion is true.

Example: Fnr%=:,3:-:8=24 and 4 x 6 = 24.

. 3 6 . .
Henee, since the cross producis are equal, 2 = Y is & frue propariion,

[This is the same procedure you used to check for equivalenee of fractions ]

Why is it trug that, in 2 true proporiion, the cross products must be equal?
The form of a proportion is that of two fiactions set equel to each other. Any fraction can be

written differently without changing its vaiue provided the numerator and denominator are myitiplied by

the same valyc, For example:

—
(=]

X

Lyl
]
L

Since 2 isaformof 1, the value of £ stays the same when expressed as

the fraction £
So,if + = &, then 228 = 345
The denominators of the fractions become equel because they are multiplicd by each other. The
humeraiors then are gnaltiphied by the value that was multipliesd by its denominator, or the other
fraction’s denominator, creating the perception of cross-multipliction or cross-products. It should be
undergrood that the process called eross-products is applied when & proportion is being used to solve a

problem. Understanding proportions provides another tool for solving problems,

When could the concept of proportions be used?

Using proportions with a road map can ¢nable you to approximate the number of miles raveled
and the travel time. Using praportions with a racipe cap enzble you to adjvst the ingredients {0 match
the serving size you'll need. Section 1.4 will show even more uses for proportions.
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To find a rnissing Zerm of a proportion consider the following two methods.

Method 1:  This cross-products method can be used for any proportion.

Example:

Example:

Example:

?

6

To find the missing term, first replace the “?” withan "x"* — = %

3
g
Next, cross-muliiply and set the two products equal to each other:

G xx=23x0

However, it is not necessary 1o write the multiplication sign between the 9
and the x, Tt is simply writien as 9x = 5 x 6. 8o, 9x=18.

To find the value for x, divide the 18 by the 9.

[You are asking yourself “9 multiplied by what number equals 18 7]

Hence, x = 2, which is the missing term in the original proportion.

This answer can be checked by replacing the x with the 2 in the original
proportion and then using cross-products o see if it is a frue proportion.
Since both cross-products equal 18, it is 2 true proportion and the answer 2
is correct.
6.9
x 12
Ox =

Hence, x =

0.5

Hence, x =

34 -



Find the missing term of ¢ach proportion,

4_ 12
7 X
o 02
X 4

Method 2. A “short-cut” method that we refer to ag the sideways method can be used whenever

one of the terms in one ratio is a facror of the term along side of it.

7
Fxample: 2

Example:
3 2

X
32

Note that 8 15 4 factor of 32,
Since 8 x 4 =32, multplying 7 » 4 will give you your migsing term.

Hence, x = 28,

[What you are really doing its multiplying the ratio ; by % , & form of 1, to yield

an equivalent ratio %2-5—'.]

B 24
x
Note that & 15 2 factor of 24.

Singe 8 x3=24, & x 3=27.

* Henge, ¥ = 27.

Example:

26
x 7
6 x2 =12 and 7 x 2 = 14 .

Henee, x = 14,
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x 20

Fxample: — = ——
13 324
Note that 18 is not 2 facior of 24 . But, the ratio
= ¢an be writren in simplest form as the ratio ° .
. . X 5
You now have an equivalent proportion Ty = px
inwhich & isafactorof I8! S0, you can use the
sideways method! Since 6 x 3 = 18, multiply
5x__ .  THence, x =
7
Example: 2l
3 18

MNote that 3 is a factor of 13, but be careful!

Since the migsing term is located in the ratio that has the smaller number , 3
in this case, you will not be multiplying the ratio % by anything! That
would only pive you an equivalent rario that would have larger terms in itf
Instead you will be dividing by a form of 1, % in this case, to yield an

equevalent ratio with smaller terms.
Swee 18 + 6 = 3, you must plso divide 7 by 6
This result, 1t or L 166 , is the missing term x .

1
Hence, the completed proportion is LI _l?g

It may look strange, but it checks. Just crogs-multiply and see!
Both eross-products equal 21 |
[By the way, you will get the same result if you use Iethod 1.]
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Find the missing term of each proportion using the sideways method

& x

42

r 13

] e

2 x o '?,’u:'““?ﬂ“kjﬁ"#ﬂ
T 1 s ; N Py
b 36 u ;I,Lnﬂ;ﬁ

L4 Application Problems

Propartions can be used to solve word problems.

Example: If the ratio of girls to boys in 2 science club is 4 to 5, find the number of boys in the
club if there are 16 fiils.

[The ratio stated means that there are 4 girls for every 5 bays. |
To solve this problem, set up a proporion.

4 girls _ 16 girls or simply E:E 7

5 boys x boys 3

T'he solution to the proportion, 20, is the solution to the problem. Hence, there must

be 20 boys in the science chub.

- Example: Andrea received, in a letter, z picture of her brother Frank and his three children. She
has not sean her brother and his family in a while, She poticed that the children have
really growrn sinee she saw them last. Her brother is 6 foet sall. In the picture, his
image measures ~ (approximately) 4 inches His son Louis’ image measures = 2
inches. Tlis daughter Trecy’s image measures = 3 inches, axc los son Mark's image

measures ~ 3+ inches. Approximately how tall are the children?
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6 feet
4 inches
can be used to find the height of each of the children

Step 1; Since her brother’s height is known, the ratip of

' &' Louis' height
4 n 2“

E- =X , dx=12, sox=13

4" 2“

Hence, Louis must be 3 feet tail.

Step 2:

., how tall is Louis?

To find Tracy’s and Mark's heights we can use

&' _ Tracy's height and 6 _ Mark’s height
4" inches 4" ~ inches

' X .
Hence, — = —  gives the solution for
4" 3" —
I 1

for Tracy's height, and LA ; gives the

H L= 2NN 14
as

2

sclution for Mark’s height.

Once we had found Lous’ height, could we have

used the ratio of his height to the measure of his

picture image to find Mark’s height?

In Andrez’s picture, all four of the people were
standing in front of their home. Why 15 this fact
important to her information? We measure a

person’s height when he/she is )

Suppose we are on vacation and we want to capture for our friends
back home not anly the beauty of a sculpture, but the size (which 1s
humongous). We could make certain that someone or something,

the size of which we know, is also in the picture as a reference. We

are using the properties of t¢ enhance our memories.
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Proportions

A
o
o
E
g
=
[ ==
b=
-y
g
fi ol
=]
2
=
ol
s
[7a ]
b
3
=
&
E
4=
o
-4
o
=
.._..-
=
Py
=
—_

L
=
=2
2
-
g
=]
=
)
o
Ly
]
=
]
]
&
=
=
ofi
=
=
4=
™
sy
=
3
A
al

2. If oranges are on sale 10 for $2.00, how much would 25 cost?

3. A basketball player scores 10 poals in the first 4 games of the season. How

many goals would you expect him to get in a 10 game seagson?

4. If -é— inch is used to represent 100 miles on a map, how far would a trip be

is 3 inches on the map?

that

5. Tf 8 quarts of paint covers 900 f*, how much would vau need to cover
225 it
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E _1 ]

£

6. A store has soup on sale 2 cans for 99 cents, how much would a case of 24

cans cost?

7. Ifan 8 b roast serves 18 people, what size is needed to serve 27 people?

8. H Tom can clean 7 rooms in 8 hos, how many could he clean in 32 hrs?

9 I Mary cen read 5 books in 35 days, how many would she read in 28 days?

10 Ilabn can roake a 20 mullion dollar profir in 24 months, how much can he
make 1 18 months?
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Let’s consider some choices you are now prepared to make.

Example: Which would you rather have, a 10%% rAise or % raise?

Before you do any math at all, it may be wise to ask
yourself whether you would like a larger or smaller
raise. (M ¢ourse, one would choose the

Now we have effectively restated the problem as

a problen) m ordering. The problem can now be

restated i mathematical terms.
Which is larger m%% or % 9
There are several different ways one could compare

these guantities. Whatever method you chose must end

with comparing units that arg the same.

Cng method 15 Lo convert % to the percent form |

~J

Lhj—

100

= %

Ln

o

i
5

Singe 20% is larger than 1(}%% , the best choice for

the raise is

Yor know-

X wonld ondaorstand

this math boetter ifit all
dealt with iy paychecls
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Example: Which would you rather pay, a 5% salestax ora 3 sales

tax?

Here again, the problem must be stated mathematically.

Ask yourself, as in the first example, whether you would

want a larger or smaller tax.
(Given the choice, a tax would be best.
Thig problem can now be restated.

Which is smalfer, 5% or %?

By comparing these quantities, is the smaller.

Therefore, going back to the original problem, one
would choose to pay the sales tax,

[Notice, if vou did not read the problem accurately

to determine what you were actually being asked to find

vou could do all the computations accurately and still

choose the wrong answer. |

1

Example: Which boius would you rather have? 7% or 5

First, would you rather have the larper or smaller

amount?
Restate the problem.
Which is T% or % ?

The preferred bonus is

_ 4%

-

o oY Ko fr ]
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Lo}

Choices

Which interest rate would you rather receive?
1 1
6o :

Which gales tax rate would rather pay?

8% ?%%

Which portion of your rich uncle’s estate would you rather inherit?

60%

urfta

Which amount would you rather got off a purchase?

1 40%

Which pay raise would he the best choice?

kg

4
7

Gee, thiz stuff might

really come in handyll!
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The sideways methaod that was demonstrated to vou for finding a missing term cf a proportion can also
be applied to conversions of certain fractions. This can work well when converting fractions o other
equivalent fractions, decimals, or percents. The key here i5 1o focus on the denominator of the originat
fraction.

~ Any fraction can be converted to an equivaleny fraction containing a larger numerator and denominator if
the denominator of the original fraction is a factor of the denominator of the new fraction.
Example: To convert ¥ to an equivalent fraction with a denominator of ‘8> determine
what you would have to multiply 4 by to get 8 . Then, multiply the 3 by the same
flumber to get the numerator of the equivalent fraction. This “key number”, 2 in

this case, can easily be used to get the answer mentally.
3 ? 3 6

2 = 3 becomes i g with hardly any work.
Notice that this format of setting equivalent fractions equal to each other is none other
than a proportion!

3 ?

| w
I
oo |

— = = isreally the same a3
4 8

Any fraction whose denominator is a factor of 2 power of 10 can be converted ta a decimal by using the
sideways method. [Recall that powers of 10 arz 10, 100, 1000, 10000, and so on.] This works because
decimal places are powers of 10!

Example: To convert $ to a decimal, first note that the denominaror *5° is a factor of 10

(which 15 a power of 10). Now you can apply the sideways method as you first

convert ¥ to an equivalent fraction whose denominatoris 10 .

4 ?

5 10

Using 2 as your ‘key nuimber’, the missing numerator must be 8 .

Thusg, a_32 , and since i is equivalent to 0.8 | i = (0.8.
3 10 10 5
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Example: Convert ga to & decimal.

7 7

20 100

72 and since ECR 0.35,iz 0.35.
24 100 100 20

Any fracrion whose denominator is a factor of 100 can be converted to a percent by using the sideways

method,
Example: To convert & to A percent, first note that the denominator “25° is a factor of 100
You can once again apply the sideways merhiod as you first convert % 10 an

25

aquivalent fraction whose denominator is 100 .

5 9

25 100

i:E_G.:'andsince 3--:36%:.3:35%
25 100 0 25

Example. Convert % to a percen.

m_ 7

20 100

E=5_5]a“dsmce E:Sﬁ%:’ﬂ=55%
20 100 100 20

Remember that the sideways method is a shert-cut and each of the examples above can be solved by

other methods that have been demonstrated in this unit.

Conver: each of the follewing.

1o & fracrion with a denominator of *36°

e [

10 & percent

\m =3

to a decimal

wa
=]
o
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2.1 Introduction

Too often the techniques of approximation and estimation are not considered important in
applying mathematical concepts, Certainly an exact, accurate answer is most times the focus, bt often
carcless mistakes could be prevented if the approximation or range of the result were predetermined. The

techriques for making intelligent approximations can be especially useful to imprave test performance.
| How often is an answer incorrect because the decimal point is in the wrong place, or not included when it
i8 necessary? Understanding how to recognize a realistic answer helps to avoid an extremely incorrect
selection. Sometimes an exact answer is not necessary and even inconvenient to compute. Again the
techniques of approximation and estimation are invaluable. It i3 important to realize that zpproximation

13 not random guessing,

<= Approximate value - a value that is close to the exact value
The symbol for “approximates™ or “is approximately” is ‘R’ = ¥t resembles an

equals sign, but it shows that the value is not exactly equal,

15.9

Example: = 2

<> Estimate - the method used to judge or arrive at an approximate value
Example: %2

15.9 is almost equalto 16, andsince 16 « 8 = 2, 159 + 8 = 2.

The answer 15 36...._... or is it 3.67
Or is it 297 Qr, perhaps, 737
Maybe it’s 29047 OR......

Irv is just guessing. Approximations and estimations are not guesses.
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2.2 Approximations of Whole Numbers

The concept of rounding is used when a value needs 1o be expressed in specific terms. Although many
different rounding methods can be used, it is common to round to the nearest of the gpeciiic value
designated.
Example: Reowrd 167 to thé nearest ten.
Toa what oumber of tens is the number 167 closest”
Step 1: What number of tens are passible choices?
167 is between 160 (16 tens) and 170 (17 tens).
Step 20 Find the difference of the valie and each choice.
167 is 7 units away from 160 but only 3 units away fiom 170
Hence, 167 isclogestto 170 or 17 tens.

Sa, 167 rounded o the nearest tenis 170.

When rounding is used, the approximate value that best represents the given valug i3 thar one that is
closast. However, this process would lead to doubt when a value is the same distance from the smaller
as from the larger value. |
Example: Round 3,275 1o the nearest ten.
3275 is between 3270 (327 tens) and 3280 (328 tens).
3275 is 5 umits away from hoth 3270 and 3280 .
In this case, it is cormmon procedure to choose the larger value.

Hence, 5,275 rounded to the nearcst tenis 3,280

When rounding is completed, all values following the position to be rounded become zaros.

A short-cut for rounding follows.
The first step i to look at the value immediately to the right of the position to be rounded. If this

valug is equal to or greater than 5, round “up”. Ifit is less than 5 | round ‘down’.
Example: Round 8,469 to the nearcst thovsand.
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The value in the thousands place is 8 , 80 you inspect the valug to the right
of the 8 whichis the 4 Since 4 isless than 5 , round *down’.
Hence, 8,469 = 8000

' CAUTION! j

Ll @i When rounding, the value immediately to the right of the position to be rounded
is the only value that affects the result,
Example. Round 6,749 to the nearest hundred

6749 is between 6700 and GR00)
6749 is 49 units away from 6700 but 51 units ffom 6800 .
Since it 13 c]cs.r,ler to 6700, 6,749 = 6700

If you try the short-cut for this problem, vou would have to be

careful not to “look too far to the right’  In other words, the 9

docs not ‘round up’ the 4 toa 5 which in turn ‘rounds up” the 7 o

an 8. This would result i the incorreet answer of 6,800 |

Cne method of applying this short-cut that would help (o prevent an error like the one shows
above wolld be to use the notations that follow.
Example. Round 75 to the nearest ten

First underline the value in the tens place (the position to be rounded).

15
Then, put a check mark “¥”* over the value immediately to the right of it
o
75 Hence, 75 = 30 .
Example: Round 953 to the nearest ten
'
Q53 IHence, 953 &= 850,

Example: Round 4,452 to the nearest thousand.

W
4451 3o, the woderined ‘4’ is the ouly value you would possibly round

and the checked *47 is the ouly value you would inspect.
Hence, 4,452 = 2000
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Example: Round £87,000 to the nearest ten thousand.
887,000 = §90,000 .

Round each of the following to the indicated place.
2876 10 the nearest ten
11,249 1o the nearest hundred
5,500 to the nearest thousand

Rounding can be used 10 estimale sums.
Example: The sum of 287 + 413 + 8§73 an be estimated by
first rounding ¢ach of the numbers to the largest place
value. Ia this case, you would round to the nearest
hundred.
Thus 300,  ,and __ will be the approximations
used ta estimate.
00 + 400 + 900 = 1600, the estimated sum.
Hence, 287 + 413 + 875 = 1600.

If you'd like, vou could compute the exact sum and then
compare it with the estimaied sum. In this case, you would
compare 1575 with 1600 . This should indicate that the

egtimate seems reasonable.

This procedure can be particularly usefisi when shopping!

Estimate the following sums.
1,567 + 439
23+ 276 + 721
£399 + 5399 + 51299
23900 + 157 + 49 + 8
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Rounding can also be ugad 1o esimare products,
Example, The product of 412 « 289 ¢an be estimated by first
rounding the numbers to the larpest place value. In
this example, round o the nearest hundred.

Thus, and will be the approximations

used (o estimate,
400 x 300 = 120,000, the estimated product.
Hence, 412 « 289 = 120,000 .

If in the preceding example you thought to yourself that the only way you could have multiplied
the 200 by the 300 would be by daing a Yot of work involving a lot of zeres, think apuin. There is a

betrer way! An explanation of this shorter procedure follows. Tt will help you to multiply by both

powers of rer and muliiples of ten,

When any value is muliplied by zero, the resul is zero. When any valug is multiplied by one, the result is
the origingl value.

Fxample. §x0=0 and &=x1-8%

All powers of 10 ar¢ expressed as [ followed by & number of zeros equal to the value of the eXpOnent.

Example: 16° = 1000

When a value is multiplied by & power of 10, the multipication can be done by ispection since the result

can b cusily anticipated.
,Example: 2875

x*_ 100

0000

0000

2873
287500

N that there are two zeros in the pawer of 10 that is the multiplier. Those zeros wilt simply

become th digits in the last two places Following the original mimber since that part of the result
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reflects the original value.

FExamples: B% = 1000 = 82,600
686 = 10,000 = &3860,000

Ome way that these problems are sometimes written follows.

Examples: 8% 686
x 1000 and % _10000
83,000 0,860,000

This leads into a short-cut for muliplying by a multiple of 10,
Example: To multiply 213 = 400, set it up vertically a3
in the previous example.
213
» _400
85,200
Whar you are really doing is multiplying the 213
by the 4 Then, the two zeros in the 400, the
muliiple of 10, simply become the digits in the
last two places in the answer following 552

{the product of 213 and 4).
Estimaie the following products.
26 x 1,000
319 x 10,000

439 = 6874
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Rounding And Estimating
Round sach of the following to the indicated place,

1. Z18 nearesiten

2. 5673 nearest thousand

3. 57642  nesrest thousandth

4. 34,592  pearest hundredth

3. 345 nearest hundred

6. 0,67 nearest tenth

7. 9,372  nearest mndred

8. 8,936 nearcst hundred

9. 33%3% neares tenth

10. 23,455 nearest ten

11, 932 nearest thousand

12. 0.3982 nearest tenth
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Round to two decimal places.

13, 398.486
14. 9,388,2145

15. 0.237

Tistimate each of the following sums by first rounding to the largest place
value. Then do the addition and compare fo your gstimate.

16, 473
294
206

17. 2429
312
1034

18, 4962
1297
2930

Estimate each of the following products by first rounding to the largest place
value Then do the muliplication and compare to your estimate.

19, 84
x 57
20. 989
x 234
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Mental Math Challenge 2

Fill in the table below with the missing equivalent fraction (in Jowest tarms),
decimat and/or percent. You will have ten mimites to complete this exeraizse

|
Fraction Deacimal Pergent
1.
(,5%
2.
28%
3. 1
1
4.
0.3
A,
4.0
5. -
2
5
7.
1.2
3.
0.015
Q. 1
J3=1
3 Y
10. 3
10
11,
2504
12.
0.4
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13.

14

15.

16,

17.

18

15,

20.

21

22,

23,

24,

23,

1.5
45%
20%
0.005
2a
56 3 b0
2
> 5
0.7
4
! 5
0,75
10%
3
20
1
25
0.5
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Estimations

Estimate the answers o each of the following problems by rounding each number before the operation is
performed. Thig exercise will be timed. Do not begin until you are instructed. Work as quickly as
you can.

e e e e AT
et e SN R
F -

14 N}
1. 508 + 678 = iR ’Eﬂ“’:’"&?“f“‘”
et i?’f%?,ﬁ’*"i;
yaya
2 12,567 + 18 = B

3 82,499 -67.745 =

4. 569 x 1980 =

3 753+ 087 +445 =

&. 22,049 - 2,834 =

A RS o S e

7. 350,823 + 202871 =

kg e T
e ,{é

3. 245,342 « 251 008 =

9. 8,009 + $7,909 + $1,903 ~

10, 92344005 x 782 =
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2.3 Approximations of Fractions and Decimals

Decimals can also be rounded using the pracedure demonstrated in Section 2.2.
Example: Round 0.137 to the nearest tenth.
0.157 is between 0.100 and 0.200
0.157 is 37 units from 0.100 and 43 units from 0.200
Since C.157 is closest to 0,200, 0,137 ~ 0,200,
You can alsa yse the short-cut for this problem. The value in the tenths place is the

1, 50 you inspect the value to the right of the 1. Since this valueisa 5, round ‘up’.

Example: Round 89.3728 to the nearest thousandth,
The vaiue in the thousandths place is a 2 . Inspection of the 8 to the right of it
indicates that you should round the 2 uptoa 3. Hence, 89.3728 ~ 89.3730.

The answer will not be altered by omitting or dropping the zeros to the extreme right, These zeros are
somerimes referred to 48 insignificand digits. Hence, in the preceding examples the angwers could bave
been wnttenas. 0.157 = 0.2 and 89,3728 ~ 89.373 . This supports a common pragtice in

mathematics of simplifying expressions to reduce the number of required symibols.

There will be times when the directions in a problem will state that vou are o round to “a certain number
of decimal places’ This type of wording makes the prablem even easier to do since you don’t have to
determine what position 18 being referred to .
Example: Round 8.731 to two decimal places.
This means that the answer should have only two decimal digits m it
After inspecting the value 1, you should conchide that 8,731 ~ 8.73 .
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Round each of the following,
12.428 1o the nearest tenth
601,380 to the nearest hundredth
0.1439 to thres decimal places
0.0495 to the nearest tenth

Rounding can be used to estimate sums, differences, products, ard quotients
of decimals.
Example: The sum of 3.07 + 4.8l + 5,16 can be found by fiat
rounding each of the decimals to the nearest whole number.
So, 3, and would be the approximations.

)

Hence, 3.07 + 4.81 + &l6~

Example: The product of 4.87 = 11,3 could be estimated by
finding the product of x 11,
Hence, 4.87 x 11.3=

Example: The quoticor of 12.08 + 3.79 could he estimated by
finding the quotent of +
Hence, 12.08 = 3.79=

Estimate each of the following,
59487 + 0,85

528 x 15,9432

$24.92 + $1549 + 3.99

— 82 -



Sumg, differences, products, and quotients of fractions and mixed numbers
can also be estimated.

Example; The sum 45 + 33 could be estimated by finding the

sum of 5 + 4 wiich are approximations of the original

numbers. Hence, 45 + 34 = 9.

Example: The difference of 53 - 33 could be estimated by

finding the difference of 16 - 3 , their approximations.
Hence, 532 - 32=13.

Example: The product of 22 x 61 could be estimated by

finding the product of and

Hence, 2% x 61 =~

Estimate each of the following,
0% + 2
oF - 21
94 x 21

9% =+ 2%

Estimation can be used in application problems.

- Example: On a weekend getaway Holly's expenses were $132.48
for lodging, $87.89 for food, $15.75 for gas and tolls,
and $47.40 for miscellancous expenses. Estimate Holly's
total expenses.

Rounding each amount to the nearest dollar would
give the following approximations:
$132 + $88 + + which would give an

estimate of
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For a more “ball park figure” you could round each
amount to the nearest ten dollars which would give

approximations of + + +

This less accurate estimate would be




Estimations Revisited
Estimate the answers to each of the following problems.

L. Heidi ran 2.6 miles, 6.2 miles, 5.7 miles, and 4.5 miles when jogging last
week. Approximate her total distance for the week and her average
distance per day.

total =
average =

2. Jim is buying material for a project. He needs 92 yards of red material,
5% vards of green materiel, and 8% yards of orange material, Approximate

the total vardage needed, then use that to compurs the total cost, if each
vard cost $2.98.

total yards =
cost =

3. The Snoots measured their living room for new rugs. It measured 143 £
by 19% ft and the cost of the rug they picked out was $1.98 per square f,
Estimate the area of the room and the cost of the g,

arga =
cost =

4. In one week Annette wrote checks for $45.89, $119.67, $37.09, and
'$216.45: Approximately how much did she spend that week? If her
account had approximately $500 in it at the beginning of the week, estimate
how tuch she had left by the end of the week?

_expense =
balance =

3. Marvin buys a 13.6 Ib turkey which costs $1.79 per Ib. Approximate the
cost of the bird. Ifhe pays with a $50 bill , approximate his chenge. He is
planning on having four people to dinner (including himse!f). Estimate how
many lbs of turkey he iz allowing for each guest?

cost =
change =
Ibs, =
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Mental Math Challenge 3

Fill in the table below with the missing equivalent fraction (in lowest terms),
decimal and/or percent. You will have ten minutes to complete this exercise.

Fraction Drecimal Percent
I.
4%
2.
50%%
3. 1
10
4,
.15
3.
180%
4.
75%
7.
3.4
2 7
10
s 1
200
10
0.6
11. 9
20
12.
0.2
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13

14,

i3

18.

17.

18.

10

20,

2t

22,

23

24,

2
5
150%
30%
1
4
3
200
1
3
DﬁG
120%
4
5
400%
1.0
0.003
0.28
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2.4 Approximations of Square Roots

S Square - a Higure, used in geometry, that is a rectangle with the length equal to the width

Example:

A Squarg 15 the result of multiplying a number by itgelf
Example: 5 x 5 = 25
5 = 25 igread as “five sguared is twenty five.”
25 i3 called the square of 5.

We could think of it as the area (or number of units} of the square with side 5 yaits,

<D Square reot of a given number - that value such that when it is muitiplied by nself vields the

siven number

The square roor of 2 gumber could be described as the “reverse of squaring”. The square root could be

thought of as the root or side from which the square was made. The symbal used for square root is ,,'F .

Exainple. V36=6x6 =4/6" =6
What number sguared is equal to 36 ? The number & .

The square root of 36 is 6.

59 .



Example.

6 x 6 = 36
6 = 36
Hence, v’ﬁ:ﬁ

Example: 10 % 10 = 100, 50100 =
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Perfect Squares and Square Roots

3 iy AR
z o Janpriag AR

L]
o Ffa

RN .v_.wp 2§

R S

"

AT

SR

r

4

0
6

Simplify each of the following
J25
0001
3. {0.3)°
4. /8100
5. W16
6. {455
7. 64
8. +.0049
9 (1.2)%
10 36
LoJr
12 2500
13, (0.02)%
4. +.0004
15. (3.1)%
16. /1.
17. (15)°
18. .00
19. .09
20. (0.1

|

1
2
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Approximations of square roots ¢an be introduced by first reviewing the previous discussion on squares
and square reots.
Example: /8100 , read “the square root of 8100” | means what
number multiplied by itself is 8100 . It is equivalent to
finding the side (rcot) of a square which has 8100 units.

Hence, the square root or side is 90.

Ta chack:

20

20

A square with side 90 will have an area of
20 x 90 or 8100 .

Example: Consider V40

Can we draw a square with areg 40 with 2 whole number
side (root)?

If the side were 6 the area would bs )

If the side were 7 the area would be
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40 is not a perfect square bul we can approximate its roor by realizing that it falls
hetween the whole numbers 6 and 7. The better approximation would be 6, since

a0 is closer to the square of ¢ than the square of’ 7.
Hence, \@ N

Square roots of numbers thar are not perfect squares cannot be expressed as fractions. Therefore, these
square roots are not rational numbers and are called irrational numbers. J/3 iz an jrrational rumber,
because 3 is not a perfeet square. We can only approximate square roots of numbers that are not perfect

squares. You may have noticed that Trrational Irv is made up of some irrational parts.

.
This is Irrationai irv. This 15 the sguars oot of 3. This is the svmbol for pl.
He iz ugually irrational. It is irrational. Tt is irraticnal.

¥3 = 1732 , x =314

Approximation is an invaluable tool when answering multiple choice questions.
Buample: (L2 = a) 24 b)) 144 ) L44 d) 144

fn this problem you are asked to find 1.2 squared

The problem can be restated as:

Find the area of the square with side 1.2 .
The area thenis 1.2 % 1.2 or 1.44 1.2

Hence, you would choose answer ¢.

1.2
If' you don't exactly remember the rules for multiphication of decimals, reagon that what
you have is a square with a side a little more than 1. So, the ares will be 2 little larger
than a square with side 1. A square with side 1 has an arca of 1. So, your square
will have an area a little larger than | . The decimal peint, therefore, must be after the

1 to make any sersc at all!
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Square Roots

Choose the best answer for each of the following;

1. Approximate /2700
a) 1100 b 40 ) 500 - d) 50

2. Josa
a) 032 b) 0.08 ) 0.008 d) 0.8

~/1600
a) 8OO b)) 400 ¢) 80 d) 40

4. ~0.0016
a) 0.0008 b) 0.004 ¢) 0.04 d) 0.08

LY ]

5. Approximate +/2400
a) 1200 by 50 «¢) 60 §) 500

6. {0.12)
2) 0.24 b} 144 ¢) 144 d) 0.0144

7. +/0.0045
a) 7 b) 0.007 ¢ 0.07 d) 70

8. Approximate /500
a) 250 . h) 50 ) 22 d) 2500
9. (4.3)

a) 1849 b) 8.6 ) 1849 d) 0.1849

10. Approximate /10,000
a) 30 b)Y 96 «¢) 120 d) 5000

11. Approximate (29.8)
a) 5000 b) 900 ¢) 60 d) 600

12, 41024

2) 56 b) 512 ¢) 320 d) 32
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2.5 Approximations of Percents

Understanding the concept of percenr, which has previously been discussed, will provide a varety
of approaches to solving problems containing percents.

Example: A taxable purchase is priced at $80.45 . The consumer wants to approxirnate the
total cost which will include a 6% state sales tax.

o = 1 = 1
1% TG00 e

As already noted, multiplication and division by powers of 10 can be easily
completed by inspection. Therefore, when a percent ig needed, division by a power of
10 can be a usefil tool.

1% of $80.45 = $.80,

6% of $80.45 = 6 x .80 = $4.80.

Knowing how to work with 4 few common percents is quite invaluable when dealing with everyday life

sihiations. They are as follows:

190% of a number = all of the number, or 1. times the nymber

50% of a number = 1 f the number, or the number divided by 2

b3

25% of a number = L f the number, or the number divided by 4

—_—

19% of a mumber = s of the number, or the number divided by 10

Examples: 10% of 40 = 4 (40 divided by 10)
© 10% of 38 = 3.8 (3.8 divided by 10)
50% of 82 = 41 (82 divided by 2)
25% of $120 = $30 (120 divided by 4)

Find each of the following.
25% of 24
10% of 37.68
50% of $28%
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Tt is relatively easy to find 20% of a number. First ind 10% of the number, then double it { multiply
the answer by 2). |
Example: Find 20% of 70
First find 10% of 70, whichis 7.
Then, multiply thzs by 2, whichis 14 .
Hence, 20% of 70 = 14
Example: Find 20% of $32.
10% of 332 is $3.20.
So, 20% wouldbe 2 = $3.20.
Hence, 20% of $32 = $6.40 .
Being able to perform thus operation mentally is ¢uite helpful, especially when tipping at a
restaurant!
Tt is also quite easy to find 130% of a number, First find 100% of the number (all of it), then find
50% of the mamber (half of it), and then add the rwo results,
Example: Find 150% of 32.
First find 100% of 82, whichis 82.
Next, find 50% of 82, whichis 41.
Finally, add the two results.
Hence, 150% of 82 = 82 + 41 = 113

For those of you who prefer to only leave a 15% tip, the folllowing example should prove quite useful.
First ind 10% of the number (the number divided by 10), then find 5% of the number {half of your
first answer), and then add the two results.
Example: Find 15% of $20.

10% would be 32 .

594 ' would be half of that result, or 31 .

Now, add these two answers.

Hence, 15% of 320 = 33

Find 15% , 20% , and 130% of 40.
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0f course, there will be many times when finding the exact answer to the question “What 13
AXAY of 30K 1s not practical, feasible, or desirable. When this is the case it’s time to cgtmate! For
example, let's say that you are in a restaurant 2nd you want to figure out the amount of tip to leave.
More than likely, the total amount of the bill will be a decimal amount. It would be most embarrassing to
whip out & ealewlator to figure out the tip and embarrass yourself in front of cither your date, your bass,
or {warst yet) your mother-in-law! But have no fear—-you ¢an handle this gracefully!

Example: Approximate 15% of $27.68 .

In this ¢ase, first round the dollar amount to the nearest
dollar. Se, 527.68 would approximate 528
[Sometimes it may be easier to tound to the nearest ten
dollars.]

Then, figure the amount of tip mentally.

10% of 528 js $2.80, and 5% of $28 is half of
52,80, or $1.40,

S, 15% of 528 would be $2.80 + 140 ar $4,20
Henee, vou should leave approximately a §4 tip.

Once again, if this seems to be too difficult, round 1o the
nearest ten dollars. Finding 13% of $30 mentally

wauld be easier.

. What amount af tip would vou lezve?
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In the previous example, the estimation involved approximation of the given
" amount i the problem. At tunes, you may need to approximate the given
percent in the probiem to estimaie the answer.
Txample. Estimare 10.2% of 03,
First, round the value preceding the % sign.
10.2% = 10%
Then finé the answer using vour knowledge of the
common percents mentioned in this section. Se,
W4 of 63 =

Hence, 10.2% = 6.3 .

Understanding these refationships will help to determine both approximate

answers and exact anewers by calowlating mentally.
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Estimating with Percents
Use approximations to find estimates of each of these:

1. Find 25.8% of 4000.

2. 'What is 48,3% of 16007

3. 9.8% of 1200 is what number?
4. Find 21% of 82.

5. What percent of 80C i3 787

6. 10.5% of what oumber is 4207

Choose from 1% , 10% or 100%

7. 7is of 70.
8. 15is of 15
9. 1lis af 1100,
10. 835 1is of 83.

Find exact solutions to each these mentaily.

11. 17is 10% of

12, 8.51s 100% of

13, 915 50% of

14, 718 25% of

15. 20is 331% of

- 8] -
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2.6 Test Taking, Studying, and Problem Solving Strategics

It is commeon for peopla to become anxious when taking tegts. Unfortuzately, this anxiety often
affects the results of the test, which then do not give an accurste measure of knowledge, Tests should be
the tools used to determine how 1o approach the next level of learning, It is therefore cepecially
important that part of the learning experience be devoted to test taking stratemies,

The goal of this wt 15 to learm how to danonstrate what the test-taker knows by helping to
mininize those common obstacles that usvally distort test results. Learning and practicing problem
salving staregies, study siategies, and finally, test dey sireregies, should acomplish this goal.

1¢ begin vour journey toward this goal, first rip out and complete the timed test oa the following

page.

y math teacher
i5 something else !
When | study like crazy-
She gives a real sasy test,
| don't study-
ghe gives me a hard lestt
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This is 2 timed test designed to see how well you can follow witten instructions.
Fellow each step , in order. You will be given three minutes to complets this test

9.

Before doing anything else. read the following instructions carefully and
completcly.

Write your name and social secunity number in the lower nght-hand corner.
Write your age in the upper right-hand comer.
Underline you last name only.

Tear off the number of stars in the left top comer that 13 the answer to
100+24 - 121

Turm the paper over and draw a nght mangle.
Underhine ail of the nouns in step 3.

If vour first name begins with a vowel, draw a circle around just your first
name,

Draw a box around all the even numbers on this page.

10. Now that you are finished reading the instructions, only do steps one and two.

Sit quietly and wait for everyone else to complete the test.
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Directions for Scoring the Timed Test
If vou don’t already realize it, if you mutilated your page or did anything more than steps 1 and 2,
you need to be mare careful when following directions. Are you, by any chance, one of those peaple
who assemble things before reading the directions? There is nothing inherently wrong with this

approach, but in doing assignments or taking tests following directions exactly is cruial for success.

Next, fill out the Math Study Skifls Evaluation and score.
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Math Study Skills Evalaation

Place a check in the colwmn that best describes how often each of the following takes place.

seldom  somefimes  usually
Problem Solving

1. Iread the entire problem before starting.

2. ¥ can’t think of where to stari a problem,  feel upset.

ol

Before beginning a problem, T ask myself what I am
being asked to find.

4. 1 estimate my answers before starting the computations.

3. I ¢heck answers by rechecking my waork.

&. 1 have rouble with 2 problem, I mark it so I can ask about it later.

Studyiog for the Test

7. To study for the test, I just read over problems, my notes,
and the fext.

8. Talways study alone,

9. Istudy most the might before the test.

10. I re-do a lot of the homework and classwork problems.

11. 1 sometimes forget the rules and have to look back at them.
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seldom

12, I time mysell when practicing.

sometimes  asually

13. T practice all of ong kind of problem at the same tme.

14. 1 find out as much a8 | can about the test [ormat and how it

will be graded.

i5 1 practice estimating my A1SWers.

Taking the Test

16. My mind goes blank when T take a test.

17. I picture myself doing well on the test,

18. I get nervous when | take a test,

19, If I come to a problem [ can™t do, T stick with 1t

20. I check to see i Pve answered the question asked.

21. If my answer is ong of the chaices, I don't bother checking.

22 1 start with the first problem and work straight through.

23 1 view a test as being piven the opportunity to show what L know.

24. 1 use self-talk (o puide myself through each problem,

25, I estimate my answers before I do cach problem.
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Scoring the Math Study Skills Evaluation

First look at the checks for the item numbers listed below. Give 2 points for each usually
1 point for each somerimes
0 points for each seldom

1 point{s)
3 point(s)
4 point(s)
5 point{s)
& point(s)
10 point(s}
12 point(s})
14 poi(s}
15 point(s}
7 point(s}
20 point(s)
23 point(s)
24 point(s)
25 point(s)

Group 1 total points

Next, look at the checks for the remaimng item numbers listed below. Give 2 points for each seldom
1 point for each soinetimes

0 points for each usually
2 pomt{s)
7 point{s)
8 pomit(s)
g9 pomi(s)
11 point(s)
13 point(s)
16 point(s)
18 point(s)
13 point(s)
21 poini(s)
22 point(s)

Group 2 total pohats
Finally add the total points for Groups 1 and 2 together and multiply the result by 2 to get your score.

Group 1 total points + Grounp 2 total points = Grand total poinis
Grand total points x 2 = your score

If your score is above 85, you have excellent study and test-taking skilis.
If your score is between 70 and 85, you have many good habits, but you can improve your skills.
If your score is below 70, you can greatly improve your skills
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Dlean Readen,

Hopelully, by nour we have demonstiated youn need fon this particular tople,
Becoming rompetent: in math welves not ondy shild with corputation, but
undanstanding hour Lo we youn knawdedge in nenl and test sifuations. Thene ane thaee
atens we will oddness,

Probiem solving strategies  the [iul ana of conconn. Cls pointad oul by
the timmed, teal on Bo@éawmg dineclions, the veny Lot atep in soluing any problem s to
nead. the entine problem befone ottempling any activity. it you o this finat: you ake
e dihelly Lo make up youn own problem on misintenpret what you ase being ashed Lo
da. (s mentionzd be&ohe, baginring mmpuﬁaﬁom be&one knoting the exact goal
may be misdanding and a complete wrste of time.

N

SEER S

Cliten you have read the problem through, ash goi_mQ% what: youl ane being ashed
to find, whiting this dowr § necessany. For example, you may be asked b find. the
frntnd eoat of & tranaaction o You may he. asked to &m.c:[ Grtﬂé( the tax. C.Q&gou do afl
the computations connectly but [ail to nealize exactly what you, ane seppose to find for
sour final answer, all your work i invain. (llong there sarme lines, moke sune you.
nead Mﬁ@g what the pioblem. sayh and do not maks up Yol ouun, problern, r,(}& yatt
ane i the hakit of kinishing senfences fon othens, reafize that this doea not wonrk when.
you are rot intimate [aiends with the authon of the math problem. boing considened.

Chee. youL ane contain of exacfﬂg what gou are looking for, extimecte youn ariwen
befone dolng ary comptitations. Sometimes, eﬁpe:ia@ﬂg in a rfliple choice stuation,
extimeating will aclually lead to the eonnect answen withoul. even. doing the. '
computations. Estimalion w rot gHessing and s o valle and usejul rghhod fon.
problerm soliing. Good extimetion shifls alone can gneaf;ﬂé[ INCASEAG YOLIK MILCEAS 64 &
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pnoblam soluer. Something you ean do to proue thia fact to younaell s to ook back at
sorve taal, quiy on homework, probllerns that: gout gt umong and. e i an exlimate
would have indicated the enon

Chdy aften you haue comploted all the prolipinzny steps, should yau begin. b
aahmﬂ@g wonk otk the problern. When werking on the problern, 15)113r o use Jrevi
wﬁwﬁandiﬂg of the concepls, iratead of renefy UArg o nm&mgred ritde. Use soff talk
{5 bead Jratt thioiigh Lhe aleps, ashing ounsel appropaiate questions and checking the
neaorzblenass of each slep, Make Mire you tafk, pmiﬁueég to yoursell, repfacing
ﬂ.egaﬁue phmea such as, "Oh! No! I never could do word problems!”, with mmﬂm}'g
mone appmpnim':e ke, “Now, first let me see exactly what the problem is asking.”

CIghen you have ealesfated youn anwer, ehach your arawen by companing it
youn estimate. (hen you check o problern by re-doing It, i you. have made an exor, you
will probaly just make the same mistehe agatn. This explaing why many mistakes ane
not diseovaned. Bg c}mdung with a pesiously e aatimats, ol can aucid. needfers
istakes and ultimalely saue lime.

The finad] shen ir, ary probfiern shottfe be (o re-read the ohiginal srobdam along
uiﬁhgammmﬁabemﬁamﬁhafﬂummgmhaueu indeecl the answer fo what
wwren asked. This uill catch canedeas ennons you have made in tronafenting tha problem,
Lo youn popen (outnisht copying mistakes) adong with any Keaeling einon..

(When deing an assignment, be sre to indicate thate preblems with which gou
nezd help. inis wibd prepene you to cak apecifiz questions conzenning those probliema. ot
Yol el nat ndicate those problamy, gou may nat remernber which enas yeu hael
questions ahout, on ng may oo hand. on imaossible for you ts focate.

Study strategies i our second Lople of concein Qﬁudé[fﬁg math s practicing
probloms. 'Be&on& dnug any onablenis make sune Leu hava the aruwens available. Thore
s absolutely no value tn jual dolryg problerns i you have no way Lo enack for
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comectrats, Make ke when you practice deing problema that you e the
puoblem soliing aﬂaﬁegm we have a@nmdﬁ disctissed, pmﬂcuﬁmﬁg checkirg the
problerns Lsing youin extirmation skiffs,

Miv. up the kinds of prablans 4o piactice, White you may be able Lo de 100 of
the same fgpe of problemn quizken, it i most beneficial to vony tha anoblaras,
Rerprnpening how o do o partizudes kind of proclem ia whert most pesple need. Lo
proctice. Deing just one ef anch type wild e uenyy beneficial and a meich wisen use of
yotin firvifed time. (Using youn sty time for tae masimiim benelet 4 the goall %
(long the same fines, make sure youl firnif. youk study time on the problems you have
abreacly mastened. (ltheigh tE may benafil. yoin ego, you neodly need time to prackize
Hhose. problerns which ane ly problerns. (€1 neally good. way € miv. up problem is
to mahe [lash candn e, Wash cadsl) ook bach af uizaes, homewornk, and
clzasweonk Lon practice problern, Cencentrote or.the oney that haue gven you trouble,
<ff possikle, wronk with a buddy. Give each othen problemy to anfue and check each
aithens wonh, |

(LUhar, Yot ane prasticing, make s you tise positive selj-Lale {oun rined
bofievos twhateven ol {olf i to beliove. Uhen, goul Lol yotinself Hat you canreh do
something, twhelhen this 4 e o fodue youn minl hefieves i, and tt becornes o aefll -
lullidling prophesy. Wher you cateh younsell being negative, just neplace these thatights,

(L yotmself o question on hotr to best begin on rernind younsef] that you have indeed
beer. sttccensfill thua fan andl el uAfl be able.to do the acﬂuﬂﬁg. [1hen youL speak
pc}.&t{:weﬂg to ':L’[owmgﬂ% i ad:ual?@é[ frees the mind to begmfhe phobbern,

Reseanch hera shown thad { you have a. centain amount of tolal time, shudying
frequently fon shorf: perioes s mone benetcinl thar. fongen, less frequent study,

Fan thal reaior, ot shotibed, btg to space ol Yolir A{'udg time and avoid champming.
You shoutd also time yeunself when praclicing and tny, i possible, to practice the
sarne Hme of c[ag aa the fert witl be given, This wifk eﬁpe::ﬂa@g halp thoe of HOU Liho
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car afwauys do the. elassoonk and hormgtuonk bul freeze when giver. a test. Ty to make
youn Aﬁ_Lc{g stuation as stmibes to the test situation as possible. Fon exarmpla, i your
canngt eat dwtmg & test pesiod, do not snack when pmd:icirg.

Make sire that bejone you begin prepaning fon a test, you find out about the teat
L What i the test [ormat?  Widl i€ ba multiple choice, e nesporue, efe.?

Make. sipe. youl practice these %p@& of prohbern,

2. Hotsr 1l it be gnaded?  Will thene be pantial chedil? (R aﬂﬂg the conmect
ansens count? (il the numiben of wnong andwens be subtnacted [rom the numien of
conrect arawens, Mich as i the SO T taats? Inthia cane, if would not be beneficiol to
ngEﬁﬁ. :

CAUTION! Genenally, it s aduiseble to make educated guesses when taking
multiple. chice taata. Houseven, be. cortain that you ane atane of the gnading procedine
be&one e

3. Hour mary problera? Hour much Lme?

{ou should time gotunsel when you practice, alfowing ounsefl the sarne. arount
of fime. for each probliem %haf:éwu will have or. the {eal, Being limed and neven
practicing this way L & majon reason for people panicking on tests. Cn ac.{iudg o
tdentify and sbrengthon wesk aneas would be to affous younaely bess g fon the
practive test. Enons Wil nnfaee mone readily when yous ane nushing, Concentaale on
those extons.

Last, but cmﬁamgg not: least, are Test taking strategies. o} Hou ane uing
ol the othen .a.ﬂafeéﬂ& mentioned Yol ane. oh. the. iy fo hating god Lest Caking shiffs.
Cha of the most impontant. {'Hﬂg.s oL can. do, before taking a test, 4 to put gowmeﬂ& i
tho best mentad frame. (Bear in mind none. of thess Manalagies uill help i} you have not
praclized ol all) Use nelaxation fechnigues such as deepbrenthing. Protuxs youwnsell
doing well. Most impontant of all, think of the test as .ﬂwwﬂng what el CAN do.

Make sure you lollour the dinections guern. DO NOI make up ol own
dinectiona. ’
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Befone beginning the Lk, neuiour with yolinsel Five. corutratnds and deride hour
ruch Hme to allowr fon each probfem. Do the problema youl knour hol bo do fout.
(Ttan you have dene the problers you ane oble Lo da, go back and. work on the onea
that umene more di&{siﬂiﬂt r_()& youl cannat begin a prolalern, on canrot finish urthin Yol
afbotterd Hime, mank the problem. and come bach to it Latan, For mubtiale chalze fests,
E&g&umaﬂ?@ out any ansuens do so, ther come back to f;hapmb@emﬁa.ﬁejt t&-gﬁLLh&Uﬂ
mone tirme. Do nol: go ouen youn allotted time fon any problem until you have tried aff
the fest questions. Marg students do poordy on.a feal: because Haeg sperd. Loo much
Hre orone pmbﬂemm':h% carnot do and. do not have time Lo [){mhﬂmoﬂﬂpmbﬁem
erg coubd do.

Make sune you ue all your problern. sofuing stnategios duing the test, Talk to
younkell positively. ol shottldl he your own bet fan and iLipponten,
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Test Taking, Study, and Problem Solving Strategies Summary

Read through and highlight the important points m the letter on pages 90 though 94.
Eeferrmg to what you've highlighted, fill in the summary below. Compare your summary
with the summary on page 163.

Problem solving strategies

Siudy strotegies

Test taking strategies
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2.7 Using Approximations to Solve Application Problems

Applving your knowledge of percents, particularly the common percents introduced to you in section

2.5, and the strategies stressed in section 2.6 , you will most likely find that “word™ problems aren’t so

bad after all

Example:

Example:

Example:

Stzcey found a dress that she liked ona “50% off-—
clearance” rack at the local houtique. The regular price of
the dress was $64.95 . About how rauch would the dress
cost her?
Since 50% of a number ig half of it, find half of the
regular price. _

First approximate the regular price to be $64 since

it 1s easier ro find half of an even number mentally. T
Hence, the dress would cast $tacey around ) R "-iﬁ‘fﬁﬁ 1"%@
‘F‘E i‘.' B

%%—‘:_--'H

Danny complained to his dad that he had to pay $2 interest Eﬁg ?"é; e

L
f;;

to his neighbor for borrowing some money at the rate of 10%} *r S _;n:..’a-«_irf"‘ “
He said, “Gee, I didn’t borrow thar much off of him!” '
Tust how much #éd he borrow?

Think to yourself. “$2 is 10% of what amount?

In other words, 2 15 5 of what mmmber?

Heneg, Danny must have barrowed

Kevin took his date, Lauren, out to dinner for her birthday.
When the waiter camne with the check, Kevin wasn't sure
how much tip 1o leave. The bill toial was $43.78 . He
wasn’t overly impressed with the service, so he decided to
leave a 15% tip. What zmount should he have left?

First round the amountto .

Next, find 10%or . then 5% or___

Hence, 15% of $43.78 =~ $6.60 ~ a%  ftip.
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For each of the following write

$200

4200

315.87

63

§5,000

524.00

1%,

10%,

Percent Practice

0%, 100%,

Choase the correct answer ising your knowledge of percenis.

7. 50% of 360 is

B BD%% of 65 is

9. 40% of 2000

16

11.

100% of 30

60% of 420

I8

52

900

30

25.2

is

is

180

220

800

360

252

1300

3200

&0

3000

2520
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One of the numerals in italic print in each of the following statements will

make a true statement. Using your knowledge of percents civele the right

chatee.

12 90% of 6, 64, 604 = 540

13. 8%, 80%, 800% of 20 =160

14 2406 = 8% of 30, 304, 3000

15, 18 = 6%, 60%, 600% of 3

16, 1509 of 640 = 26, 260, 2600

Choose tie correct answer'!

17. Roseanne bought o purse for $20. If the sales tax in her state was 4%,
was the amount of the tax 8 cents, 89 cents or 8 dollars 7

18. Mr. Smith has to pay federal income tax on § 1800 The rate is 20%.
Is his tax §3.64, 536, or 33607

19, (lagsboro High School has an enroliment of about 500 students. On & 1 ; 4
certain day, 95% of the students were present. Were there about
4300, 480 or 48 studems presents?

_ Gf .-



Estimating With Problems Involving Percents

Try to estimate the answers using your knowledge of the following percents:
5%, 10%, 20%, 25%, 50%, 75%, and 100%

1. Find 81% of600.

2. 45% of 3000 is what number?

3. 67 is 9.5% of what number?

4. Find 112% of 876.

5. What percent of 400 15 827

6. What is 4.75% of 7007

7. 32 15 205% of what number?

2. TFind 15% of 360.
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Find approximate answers for ¢ach of the following application problems
uging estimation.

9, Lauren pays 5310 interest for a t-year loan at 10.5%. About much money
had she horrowed?

10. Om a test, Cari had 5% of the problems correct. If she got 15 prohlems
right, about how many questions were on the test?

11. Walt has 27% of lus pey withheld for varioua deductions. Ifhe earns $480 kg
gach week, about how much money is being withheld? :

12. Christiana is {aking a test on which she must receive a 74% to earn a B for
the course, If the test contains 30 questions, about how many must she
gel right?

13 Carol must make a $3% down payment in order to buy a new car. If

the sticker price of the car 13 $12,000, about how much money would she
have to put down?

14. Sales 1% in o certain state is 54%. 1fyou intend to buy a TV that slls
for $640, ahout how much tax would you have to pay?

15. IfBab has $7000 in a savings account, about how much interest would he
sarn in one vear if the bank offers a rate of 4.63%7
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3.1 Intreduction and Skill Building Problems

To understand multiplication and divisicn of rational numbers, it is necessary to recognize the

many forms of rational numbers and the methods that may be used to complete their basic operations.
Mutiplication and division are called “inverse operations™.

Example:  (mukiplication)
Find 3 groups of (x) 4.
Ix4=12

Example: (division)

How many groups of 4 are contained in 12 7

Tx 4 =12
?:E:}
4

Multiplication rules are the same whether the rational mumber is in fraction form or decimal form since
decinals are special frachions.

Example: Tomultiply 1 x 2, you would first multiply their sumerators and then

multiply their denominators.

1 5 = leS§ — 5
30,3 X ¥ 7 5% 14
A SR VI,
Example: & % 45 1200

However, since <+ = 0.7, and 5= = 0.11, 0.7 x Q.11 should be equal to &

oo
also, but written in decimal form as 0.077 .

Thus is precasely what the answer is.

0.7 x 0.11 does equal 0.077 because of the following steps:
Step 1: Multiply the 7 times the 11 | (numerator times numerator).
This result is 77 .
Step 2: Multiply 10 titnes 100, (derominator times denominator). This result is

1000 . Common progedure for this is merely to count the decimal dipits in
the problem.
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Step 3 Use the product from Step 2 to determine the position of the decimal
inn the product from Step 1.

Note that steps 1 and 2 for the decimal multiplication are exactly the same
as those for the praction muliiplication!
Hence, the first fraction angwer is equivalent to the second decimal answer

gsince they both have the same value of 77 “thousandths”.

Congider the following examples which show that_fraction multiplication and decimal multiplication will
result in equivalesi forms of the same vahies
Exgmple: 27 =

2 a5y L=
5 '..’.:{51

25 x 0.4 =100 =1

Example: 2 x 2 = 3 x 2 =% =12
2 x 075 = 150
200% of 3=2x 2 = L x1 =2=1]3

[Remember that 200% = 2 and *of means multiply.]
200% of 0.75 = 2 x 0.75 = 1.50

Example: 7 x 2 = 2

b e
£ us

0.5 % 075 =
50% of 2 = %

50% of 075 = % 075 =

Example: 2 of 3 =1 x 3 = & =

0.25 » 0.4 =

Consider the following examples showing the use of the word ‘of for |
multiplication,
Example. 7 of 300 = ¢ x 2 = 22 = 100

Example: 25% of 120 = 2 x 120 =

Example: To find 72% of 200, you could either work with the
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72% in decimat form or in fracton form:

L ox i =i

or

0,72 » 200 = 144

We tend in think of multiplication as alwavs
making a quantity larger.

Don't farget, when multiplying by a number
less than 1, the answer will be smallerll
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Division

Choose the correct statement for each of the following expressions.

1.

2

% a) 6 divided by 12
3+36 a) 3 divided by 36
918 a) 9 divided by 18
% a) 3 divided by 4

0.5 +3,7 a) 0,5 divided by 3.7
% a) % divided by 5
4)1.6 &) 4 divided by 1.6
% a) 15 divided by 0.3
14% =7 a) 7 divided by 14%

Choase a correct expression for the following :

10,
11
12
13,

14,

1 i 1
5 divided by 2 3
623 divided by 1002

(.76 divided by 0.026

§ divided by 16

3 divided by %

1Al
a) 5 .23
623
2) 1002

a) .75 0,026

b)
b)
b)
b)
b)

)

b)
b)

b)

12 divided by €

36 divided by 3
18 divided by 9

4 divided by 3
3.7 divided by 0.5
5 divided by ?lz“
1.6 divided by 4
0.3 divided by 15

14% divided by 7

1.1
b) 23 2

1002

b) 625

b) 0.026)0.76
lé

b) 3

21
b) 3+1

Choose an equivalent expression for each of the following:

15.

16.

0.5 +3.7

L[ §

2} 0.5)3.7

aj=+>5

1
2

b) 3.7)0,5

Y
b) 5+1
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<oz Reciprocal - 2 number that when multiplied by a given number results m 1

Examples. 4 is the reciprocal of ¢ since 4 x L+ = |

15 the reciprocal of 2 since £ x 4 =1

wrfr

In general, dnviding by a number is equivalent ro multiplying by irs reciprocal
Example: + of a number means dividingitby 5, so 1 of 25 means 25 + 5.
Therefore, 25 = 5 = L of 25
=3 x 25

Then, 25+ 5 = 25 x 1 -
Hence, dividing by 5 means multiplying by = , its reciprocalt

Now, if you followed that --—you deserve a medal!

When dividing ﬁacriaﬁs you first change the problem into an equivalent multiplication problem by
Teplacing the divisor (the second number) with its reciprocal before muitiplying.

Example: 2 + 4 =4 x £ =2 =2 ‘

Example: 5 + 6= 2 x 1 =2 =1

Example: 37 + ;= 2 x 3 = & =14

value. Hence, multiplying the numerator and denominator of a fraction by the

same nmber results in an equivalent fraction.

When dividing decimals care must be taken if the divisor is itself a decimal,
Example: To divide 2.05 by 0.5 consider the following explanation:

0.5)2.05 = 29

0.5
205 10 _ 205 x 10 _ 20.5

= ¥ —
0.5 10 035 x 10
Hence, to solve 0.5)2.05 , first change it to 5)20.5 .

= 5)205 = 4]
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Multiplication and Division of Rational Numbers
Perform each indicated operation.

1. 134 = 4.5

4 56 + 0,32

5 24% of 03

10. 35% of 2.04

1. 0.3)324

— 111 =



13. 80 + 1.5

*

Fal =

4.

1

15, (6.

e R e

L]
<
—

kS
o~
o]
—

LY I
._.n.f

05 x 4,21

17. 0.

o
=

B e

o

1.2% of 6

15,

T

SERE
g

FH

—

L a3

13 x

20.

1,._2
M|

21,

i
ExZ.G

22 3

=
(]
o
Tt
L]

10%

23,

3 .
ETE

24 4
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3.1 Basic Application Problems

Let's redect on "why™ 1t is necessary (0 know how to perform basic operations with ratignal
nnbers.

Everyday, in & variety of ways, it becomes important for people to know haow 1o use rational
numbers.

All of us are consumers who make purchases and ar¢ involved in transactions thet involve maney.
As responsible citizens, we all pay taxes. Our paychecks refleet routine deductions based on sperific
percents af cut salaries.

Much of the news we are exposed to requires a knowledge of basic math to filly understand the
world in which we live, We hear about the “Prime rate”, tariffs on luxury cars imported from Japan,
and gtudies gbout foods, medicines, death rates, car insurance, mortaages, loans, ete,

When we travel, we use maps and scales showing distagees and sometimes chenges m currency

and time. The list is infinite. Briefly stated,

LAR ISR TR 5E e

PR R TR I L
I ;
B R e e el
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Consider the following problem.

Turkey is on sale for $1.19 per pound. Hew much would 2% pounds cost?

First, ask yourself “What am 1 being asked to find?”

If you are not sure how to find this answer, try asking yourself if vou could do
a problem of the same type with easier whole numbers. An example of this

prablem could be

Turkey is on sale for $7 a pound . How much would 3 pounds cost?

The solution to this problem is easier to see. The answer is §

Next, think of the step or steps vou followed to get the answer to your made
up problem.
Slperlb »x 3lbs

Do the same step for the actual quantities in the problem.

5 per pound x s = 3§

Notice that there is a decimal and a fraction in the computation. Yaou eould
use either form to work the problem out. However, because the answer is

maney, using the decimal forms would make more sense.

Motice that the problem we made up is also a good estimate of the answer we

should get.

Last, compare your answer to the estimate.
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Word Problems Using Multiplication and Division
Selve each of the following. Remember to use the suppested steps for problem solving.

1. Turkey is on sale for $1.19 per pound. How much would 2% pounds cost?

If there are three people sharing the cost, how much should each ong
contribute?

2. I one quart of ail cost $1,39, how much would 12 quarts cost? Tfa case

(12 quarts) is on gale for $16.95, would purchasing a case be a “deal™?

Jane’s aunt sent her 73 Ibs of cookies, which she decided to share with her

s

3 roommates. How much would each person get? (Assume the cookies arg

équally shared)

4. What is the average speed (velocity in miles/hour) of Lani, if she travels
63 miles in 2 hours and 20 miputes? Would you expect to find out she

was traveling on foot, by car, or by plane?

5. Atrain gvgrapes 78,3 miles per hour. If Ted gets on the train at 2 PM. how
far could he expect 1o ravel by 7:30 PM?
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One of the most important ideas that we have conveyed throughout our math discussion is that
there are many different correct methods to solve applications. Learning gives us the freedom to select
the method we prefer! Ong of the commonly preferred methods in specifle applications invalves the use
of Tatio and propornon properties as we discussed back in Secrion 1.4, At that time you worked on a
problem that involved the use of a map that was drawn to “seale”. Let’s review with a similar problem

If an ich is vsed to represent 10 miles on the map and our trip measures = 47 | find the

actual miles we will travel.

Step 11 %ear up a proportion.

lmeh _  ourtrip in "inches' on the map
10 rmles the actual "miles’ we will travel
1.“ 4"
Thug, ———— = - or sinply B S .
10 miles x miles 10 x

Step 2° Solve the proportion for the missing term.
b wx = 1) x 4
x = 40
Henee, we will actually travel 40 miles on our trip.

This revigw of solving application problems using ratios and proportions will prove quite useful in

solving percent problems in the remzinng sections of this book.
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Ratios Revisited

Use the following information to set up the appropriate ratos. Do not reduce.

In this banana split ~ one cherry has 8 calories,
one banana has 100 calories,
and the whole thing has 800 calories. o sipeen
Write the ratios of  cherries to bananas, S : i s T
bananas to cherries, ' L ;
calories in a banana to calories in a cherry, L ‘ hidioty
and calories in all the cherries to total calories. ¢
. ) § I o - -
'-_- : 'r*. ” e :,-
et
_ 5y
i .
il .w i
e
' =
o g L .
;5"-. 7 / > (7
SR
et 2
AR
-lggr‘l? ; i -
% r. e TR :
Consider this group of cheering fans  ‘Write the following ratios: : YR ;‘;, S :
number of pennants to number of fans ‘ 2 e ]
o 5 : o
number of fans wearmg glasses to the number of pennants S T ;
number of fans with hats to those without hats SRy ;
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Proportion Practice

For each of the given proportions, determine the value of x.

5x = 100

1.

<
H_Z |2
I
I !
)
| =t x_l
o <f

—

R

_.. A o

Th| =

el e Iy
T
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Proportion Word Problems

Eefore doing the following problems you may want Lo review solving proportions. Make sure therg ia 3
unit match between the ratios. Remember, there are always 4 correct ways and 4 incorrect ways to set

up any proportion problem. Don’t forget to approximate your answers before beginning each problem.

1. Bobby spent £75.50 n 5 weels (for snacks) Project how much he would

§pend on snacks in one year?

2. Harecipe eall for 24 cups of flour for every 3 cups of blueberries, how

many cups of flour would you need for 2 cups of bluebernes?

3. To prevent AIDS, contaminated items should be washed with a solution of
+ cup bleach in 1 gallon of water. If your bucket will only hold 1 quart of

water, how much bleach should you use?

4. IF 2-} Ibs of grapes cost Jun $4,32, how much would 2 Ibs cost?
What i5 the price per pound?

5 Jean’s car went 253 miles on 10+ gallons of gas, 1 she fills her 14 gallon

tank, what 15 the furthest she can expect 1o iravel before refilling her tank?
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3.3 One-Step Percent Problems

iI all values were first divided into one hundred equal parts, then each part would be one percent
of the whole quanuty. It mught be easy to think about the word “percent” as the phrase “per cent”™ as it
was once used, in ancther way, Perhaps the relationship of a dollar and a penny would help to remind us
that if & product that was easily and usably divided intg 100 equal paits, and ¢ost ane dollar, how much
would we get per cent (for a penny). Realigtically, in today’s world, we probably condd eet next (o
nothing per cent, but the thought might help ro make “pereent” more elear,

Piciure a giant bag of popcorn that costs one dollar. If we were dividing the popeorn equally into
. 1
one hundred small bags, each bag would cost one penny, and that portion would be 1%, or T or one

ol the hundred equal paris.
Comparing how any portion {percentage) of a value, compares to the whole quantity {hase) had #
been divided into 100 equal parts, translates the ratio into the language of “percent™.

Example: How does & of 200 parts translate into the language of “‘percent”?

i:,
—_— = i or “What numberisto 100 as 6 isto 2007
100 200

{Think of our previous popcorn example just 1o reinforce our approach to percent.)
If 200 is the entire quantity, then divided into 100 equal parts, thers would be

2 each part. 1f 200 cost one dollar, then we could get 2 for a penny, or

“2 08 1% of 2007

How magy groups of 2 are contained in 6 7 Three.

I
100 200

Although not all problems provide values that are as ohvious a3 the example,

Therefore, “ 6 is 3% of 200" or

the thinking is the same.

For the statement 20 is 40% of 50, the percent is 40, the whale (base) is 50, and the

remaining part {percentage) is 20, 1 the percent is writlen in fraction form, these values can be

o _— 40 20
expressed in a “percent proportion” as follows: —— =

100 50
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art &
In gencral termg, & “percent proportion” would be percent _ - part {perceniage)
1040} whole {base)

Remember, in one ratio the 100 would atways be the term under the percent value since i is the
denominator for the percent wiitten in fraction form. To determing where to place the other terms, keep
in mind that the whole (hase) will most often follow the word “of”. Once you have determingd the
percent and the whole in 2 problem, thers is only one quantity lefi and only one place left to put it m the
proportion! Since in any percent problem we would always know two of the three quantities, we conld
always solve for the missing, unknown term. Problems solved by this propertion methoed follow.

Example: 12 is 48% of 2

The percent is the easiest value to pick out, so place that into the proportion

7
ﬁ!‘St. ﬂ - .
100 ?
Next, look for the whole (base). Thig value is the next exsicst (0 spot since it is
most often after “of”. In this problem it is missing or unknown, so call it “x™.

43 7

1 x
Finally, there is only one value left in the problem, the 12, and only one place
left in the proportion.

48 12

100 X
You are now ready to sobve for the missimg term in the proportion.
Smce x = 25, then 12 is 48% of 25
Example: 2% of 60 i3 20.
The percent would be x (since it i unknown), the whole (Aase) is

, and the part (perceniuse) must be :
x _ 4
100 60
Since x = 33.30r 331, then 334% of 60 is 20,

Example: ? is 30% of 150.
The percent is , the whole (basz) is , and the

part (percentage) is .
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30 _ x

100 150
Since x = 45 ,then 45 15 30% of 150 .

This last problem could also have been solved by a different method, one that has already been
used. To find 30% of 150, you cculd have frst expressed 30% in decimal form as 0.3 . Then,
remembering that “of” means multiply, you could have completed the solution by multiplying the 0.3
and 150 . Hence, 30% of 150 means 0.3 x 150 or 45 . Keep this in mind whenever vou determine
that the percent and the whole or base are given values in a problem. If this is the case, you can always

use this alternate method. As you may have realized, this method 15 the quickest one if vou are using a
calculator.
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1G.

1.

12,

13

~ Find 25% of 240

16 is what percent of 807
827 is 10% of what number?
_ % ofd400is 72,

34 is 819 of what number?
7% of whati number is 427
Find 75% of 120.

8.5% of ___ is 325

104 % of what number is 4207
What percent of 180 is 1207
&5 ie 30% of what number?
¥ind 110% of 82,

4% of what number is 2007

Percent “One-Liners”®
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14. 40 15 what percent of 1207

What is 125% of 3007

i5.

oa of §507

16 5ltis

17. Whatis 113% of 6000,

18. Find 150% of 20G0.

12, 500 is what percent of 15007

8% of 1200,

20. Find 9.
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3.4 Application Problems Involving Percents

The significant aspect of having a tool 1s knowing how to use it. Such is also the case with the
basic math convepts we discuss in this book. Learning te use 4 tool requires practice, and {rue
widerstanding of percent also requires practce.

Seme praciical applications of percent involve comntission, sales 1ax, and simple mterest. Ao
example of each of these follows.

Example. Gary sells cars at & dealership that offers & 4% rare of commission. Thus raeans

that for esch car that he sells, he receives a portion {(perceniage) of the selling
price which is called the commission. What commission would he recerve i he sells
acarfor $12,0007

Percent “one-licer” . Find 4% of 12,000

Estmate: 10% is 1200, s0 5% is &00.

Thus, the estimate would be less than $600.
Solution: Tlsing the “percent proportion”

percent _ part { perceniage) |
100 whole (base)

the percent would be the rate of commission,
the whale (base) would be the total sales amount, and
the pari (perceniage) would be the commission.

Thus, the modified proportion would be

rate of commission _ COMIMISSIon
100 total sales
4
Sa, == .
100 12000

Hence, x = . his commission.

Once again since the percent and the base
are given, you could solve this problem by

converting the percent to decimal form and
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then multiply it times the base.
12,000 = 0.04 = 480 .
Example: Sara went 1o the sporting goods store to buy a new soccer ball.
The cost of the ball was $12 and she had to pay a sales fire of
S _66 . What was the 3ales tax rate in her state?
Percent “one-liner™ © What percent of 15 is .65 7
Solution: The percert would be the sales tax rate,
the whole (base) would be the total sales amount,

and the part (percentage) would be the amount of tax.

tax rate _  amount of tax

100 . torel sales

. . x G0
So, write the propertion — = —

100 12
Then 12x = 66, and © = 4.5

Hence, the seles far rate was 5.5%

Example: Tesse took out a loan for a year and had to pay $360 interest.
If the interest rate for the loan was 9% , how much money did he borrow?
Percent “one liner”: 360 is 9% of what number?
Sclution: The percent would be the inierest rate,
the whole fhase) would be the amount of the loan,

and the part (percentage) would be the amount of interest.

interest rate  amount of interest

100 amount of the loan

100
Then 9x = al x =

—

Henee, Jesse harrowed

. . Q 7
S0, write the proportion — = "
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Applications of Percents

Sales tax, Interest, Commission

Solve each of the following problems by first trying to estimate the answers, and then finding the actual

answer by using the proportion method or a short-cut method.

b How much sales tax would Danny pay o & purchase of $28, if the tax rate )
in his stare ig 5%7

2. Joan works for Sunshine Realty where she receives a 6% rate of
commizsion. If she 18 the agent for 4 house that sells for $120,000, how
much would she make on the sale?

3. Walt pays $425 mierest for a 1-year loan at a rate of 10,5%. Find the
amount of his loan.

4. If Joey hasto paya 3%% gales tax In s state and the amount of tax that

ke paid on a purchase of a new VCR was $7, what was the price of the
VCR?

5. The Waltons have io make an 8%% down payment in order to buy a new
cat. If the car costs $12,550, how much must they put down?

6. Margic works for 5% commission at the downtown boutique. If she
watlts to make 51500 2 month, how much merchandise would she have to
geil?

iy
I

ey i R ‘.: ; PR AR i
1 Fﬁ- . q-. 2 4, 'i- = P el | u.-‘ j __‘. 1 h o .'I-_‘ ik ! ! ‘.{_ - .

& L]

B L A M T

7. Lori made 35100 on the sale of an $85.000 home. What was her rate of
commission?
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Percent problems may be handled using proportions. Consider the following problem.

If only the top 70% of the students in a mechanical drawing class pass [or the year,

how many, in a class of 24, would fal?

First, change 70% to the fraction or ratio that it represents.
T0% =

This means that 70 out of each hundred studenis will pass the course,

Next use this ratio to set up the proportion

T (pass ) =  x {unknown number passing)
108 (total in class) 24 (total in class)
Solve thig proportion. ¥ = - Because we can not have a part of 2
persen, thes number must be rounded 10 80 students pass

13 this the answer 1o the guestion?
Refer back to the origingl question, How would you find the correer answer?

The correct answer is students will fail. Check to malce sure your

answer makes sense.

Another way (o approach the same problem is to begin by realizing that if 70%

pass, then % fail Following the same procedure as above, 30% means z
30 out of 100 students.

30 (fail) = _x (unknown number tailing)

100 (total in class) 24 (total in class)
When we solve tlus proportion x = . Here again, we cannot have a
part of a person, so we round off. The answer is students fail.
Make sure you check this .

There are many oiher ways to do this problem. Can you think of another way?



Refreshing Word Problems

Remember to approximate your answers before actually working out the problem.
Remember to practice checking each problem with the words of the original problem.

Renmenther to use seif-talk if you can’t get séarted.
1. Louise receives 11% of any overpayments made in error to the electric
company which she can re-coup for her company. How much

compensation would she receive for finding an error of $23,4237

gstimation EXAGL AnSwer

2. I£232 people out to 348 surveved prefer the taste of Zesty Zesto's, fill in
the following ad.

% of those surveyed prefer ZESTO'S

3. IF2 out of three people surveyed preferred Zesty Zesto's, fill in the

 following ad.

% af those surveyed prefer ZESTO'S

4. Compare the answers in 2 and 3. When a percent is given, what
mnformation is not given? What should a wise consumer always ask about

statemeants with %’s ?
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5. IFZ32 people out to 348 surveyed prefer the tagte of Zesty Zesto’s, what
fraction did not prefer them? Does shis reduced form of the ratio give the

reader any mdicatron of how many people were surveyed?

6. IFina typical Math 010 clags, 92% of the students improve their math

scores greatly, in a class of 27, how many would you expect to improve?

7. Lily’s allowance was increased by 53. If she received $12 prior to the

increase. by what percent was her allowance increased?

8. Lily's vounger brother, Nelson, got wind of the increase and requested his
allowance be increased proportionally. If ke 1s getting 8,00 now, by how

mech will his allowance increase?

9. Lily's wise mather approved the increase, with the condition that her
children spend more time doing chores. If Nelson did 3 hours worth of
wark for an allowance of §8,00, how rmich time should he spend after his

increase?

10, Inarecent poll, 18% apreed with the proposed school budget, Ifthe only
choices were agree or disapree and 54 people agreed, how many people
were polled? In a rown of 3000, what % were polled?
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For each of the following write

Choose the correct answer using your khowledge of pereenis.

7

g

1, 50%,

$£100

3300

S18.00

68

30,000

$2.50

G2% of T3 is
a%00 o0

83% of 400 is
26 260

Q. &% of 700 is

10.

11.

42 420

150% of 842 is
263 28,3

15% of 880 =
3.2 132

Percent Practice 2

60%,

1Y

2600

F2010

963

1320
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One of the numerals in italic print in each of the following statements will
make a trie statement, Using your knowledge of percents circle the right
choice.

12, 46% of 3, 50, 500 = 23

13.

iy e

4%, 40%, 400% of 650 = 260
14, 210 ="7% of 38, 300, 3000
15, 18 = 6%, 60%, 600% of 30
16, 15% of 640 = 96, 960, 3600
C]Iﬂ!.JSE the correct answer:
17. Mary answered correctly 16 of 20 problems on a test. Was her grade

8%, 80%, 800%"

18. Mr. Smith has to pay federal income tax of 31800. The rate is 20%.
Was his income $900, 59004, or $99,000?

19. Preppy High School has an enrollment of about 500 students. Ona
certain snowy day, 55% of the siudents were present. Were there
abow 2800, 280 or 28 students present?
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Unit 4



4.1 Intreduction, Skill Building, and Order of Operations

I suppose you were beginning to think that we’d never get to the point where we will use addition
and subtraction. Let’s begin by pointing out some things of which we are all aware. If I have 6 cranges
and each costs 30 cents, I could use the multiplication operation to find that altopether they would cost
$£1.80. We also know that we may multiply any two fractions by multiplying the numerators and
multiplying the denominafors. We can multiply any two decimals. We can muitiply any two quantities.

However, if I take the same 30 cents and 6 oranges, I cannot add them. We can only add (or
gubtract) the same kinds of things, the same zouts. Sometimes this is referred to as adding “like™ or
“simitar” terms. The term “similar” can be misleading because we really mean exactly the same kind of
expressions. The term that truly identifies “like™ or “similar” expressions is commensurate.
Commensurate means having & common measure. Therefore, when we add or subtract expressicns they
must have a common measure, For example, a term that identifies an amount of money, §1.30 (one
dollar and fifty cents), cannot be added to or subtracted from a term that identifies a distance, 6.5 miles.

Common sense could help us avoid mistekes by recognizing that values that are not
“commensurate” cannot be added or subtracted. If we tried to add the money term and the distance term
in the example above, what would the answer represent? What label would we give our answer?

MNow the fact that only oranges and oranges may be added may not seem particularly insightful,
but ¥ stops us from guestioning why and when we need to use common denominators or Ime up the

decimal points.

When one adds or sﬁbtracts, onty the same units can be combined.
Example: To add the numbers 23 + 167 , maost of us would rewrite the problem as

167
+ 23

Weaddthe 7 + 3 fiwst because both of thase numbers represent “ones™. ‘We now
have 10 “ones™ which s really 1 “ten” and 0 “ones”. We then proceed 1o place
a 0 under the “ones” column and “carry” the 1 gver to the “tens” column with the &

and the 2 And 30 on, and so on, and soon . _ .
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This whole column thing becomes very iniuitive for us and is easily extended to decimal problems.
Example: Teadd 167.2 + 23.82, we would rewrite it as

167.2
+ 23,82  again lining up the units to make it easier to add the “same” terms.

We do not need to line up the decimal points i 2 multiplication problem

because we do mot need to have like units!

Fractions follow the same format {or procedure) but lock a lot more difficult. Again we may
oaly add like units. Recall thar for whole numbers we added the “ones” plus the “ones”, otc., and fﬁr
decimnals we added the “tenths™ plus the “tenths”, cte. Both of these groups are easy Lo work with
because they are based on powers of ten. So, when we get ten of any unit, we have ope of the next
higher unit. Fractions, on the other hand, are not all based on ter.  When we apply our requirernent of
“commensurate” to fractions, the common measure now becomes the denominators of the fractions to be
added or subtracted. Going a step further, the label or denominator of ¢ach fraction must be the same for
addition or subtraction to occur, and the denominator of the result must ba the same as those fractions
involved in the operation. So, for instance, if we have 6 “eighths” and 4 “cighths”, following the same
train of thought zs decimals and whole numbers, we now have 10 “eighths”. Unforunately, this does

not equal one of any group, but instead £ = 1 , with & left which reducesto 17 . We must be

carefil not to add the denominators. If we read the problem ro curselves this mistake can be avoided.
Example: 2 + 2 could beread as 2 “thirds” plus 2 “thirds™.

3

=

After adding, we would then have 4 “thirds™ or 3 which is equivalent 10 11

Ifthe dencminator of the fractions are not alike, change the sppearance but not the value of the fraction
by finding a common denominator.

I et’s first consider a decimael fraction to illustrate.

Example. Toadd 0.1 -+ 0.03, which is the same as <~ *+ 33 , we would write it as
0.1 0,10
+ 0.03 or + 0,03 , whichisthe sameas <3~ + % -

When we line up the decimal points we are actually changing the fraction 3 toits

_ 142 -



It is easy because decimals are based on powers of 10 .

It is easy to chanpge the appearance of fractions because the value of 3 fraction remains the same if it is
rultipbed by a form of the number one.

Example: Toadd 1 + 1, we must change these to equivalent fractions which have the same

ﬁ‘h“.‘nf '

ity

.

%-eﬁg

A M

AN

Oxample:

Example:

denominator.

One common denominator for this example i3 6 |, but you could use 12, ar others.

Rewriting the problem in a vertical form often helps ro organize your work.

= 2 =
[

B[
M [—
s

+
Lof—

l
|-+
=

I
o i

E

So, + + § isequivalentto 3 + £ whichequals .
% ¥l
The least common denominator is 24 | however, a common denominator can atways

be found by multplyving 8 and 12 . Ience, 96 is another common denominator.

{1

Hence, the answeris £

JL
t o

~afi

In this example, note that one denominator is a factor of the other. When this is the
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case, use the larger denoninator as the common denominator, This will reguire
fewer steps since only one of the fractions will be changed.

i =2
7 12
2 o= 9
T 14 N
= Hence, the answer is 43

1

Now for subtraction. Again, and yes we know you mmust be really tired of hearing this, you may orfy
subiract the same units.

Consider the following: )
If we want to subtract 239 - 67 we would setitup as 239
- &7
First we subtract the “ones” 9 “ones” minus 7 “ones™ eguals 2 “ones™
239
67
2

Next we attempt to subtract the “tens”. 3 “tens” minus 6“tens™ . . .Uh oh! Problem!
50 we “horrow” (borrowing is a misnomer because we never give it back but actually

just change the unit to an equivalent valuel). We actually take 1 of the hundreds and
change it mto the eguivalent number of tens.
P “hundred” = 10 “tens”, then add the 10 “tens™ to the 3 “tens” we afready have.
- Becauge it 18 in base iferr, adding these is equivalent to putting a 1 in front of the 3 .
So, we have 13 “tens”. Now we can finish the problem.
2130 '
- &7

172

Subtraction of decimals is done in the same way. It is easy to do hecause when we “horrow” 1 from the
larger unit it is always equivalent to 1¢ of the smaller unit.

Example. *3.'277
=865

2412
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Fractions foillow the same method. As with any addition problem the first atep would be to change the
prablem into an equivalent problem with the same

denomiratar,
) NO PROBLEM|
Example: 31 32
-1} wouldbecome - 12 i%
2 2
Exmnple. 34 32 NOW THIS
1 3 [S A
-1y would become - -1} PROBLEM!

But, not if you understand “borrowing”™. We cannot subtract £ from 2 . So, we

“borrow” from the “ones” unit (the next larger unit).

3% becomes 24 + 1. Now becanse thig is not based on “1s”, there is no easy wey 10

add 1 to % but we do kaow how to do this problem,

1+ & = because this is addition we may only add if they have the same

denominator

S0, 1 = &,

Now the problemis £ + & =

a ]

h [

S0, 32 becomeg 2%
3
2%
- 1_;.

1

—  Now this is an equivalent form that we ean do.

- 3Y L.

This answer seems correet. 1f we lock at the original problem, 3% - 13 should
be a little [ess than 2. To check, if there is time, we could add 14 + 14 and
seeifweget 3¢ Check this out.
To summarize this example:

3L =3

=1

o e

1

o o
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Now that all four of the basic operations for rational numbers have heen demonstrated, the concept of
order of operations can be imtraduced.

If'a computation of rational numbers includés several basic operations, such as addition,
subtracricn, multiplication, and division, and perhaps includes some other concepts such as exponents and
radicals {square roots), the final result depends on the order in which these operations are completed. Tt
is important to follow these steps: |

Step 1 - Do the arithmetic that is inside sets of parentheses. Perform the operations inside the
parentheses using the same rules for order of operations. (Treat the calculation inside
each set of parentheses as if' it were a separate problem.)

Step 2 - Evaluate numbers that have exponents and also those that are expressed in radical form,

Step 3 - Starting at the left, do the operarions of multtiplication and/or division in the order in
which they occur going from left to right in the problem.

Step 4 - Complete addition and/or subtraction from left to ripht in the order in which they ocaur,

Example: 8+2"+ (7" ~6x3:2) + 5 — (9x%425)

Step [: 822"+ (T2 —6x3:2) +5 - (9 x‘@ [ The underlined part is to be done next.]
B+2" = (49 — 6x3 +2) + 5 - (9x5)
8=2" + (49 - 18 = 2) + 5 — (45
B:2® + (49— 9) + 5 — (45)
B+2"+{ 40 ) +5 - (45)
822 + 40 + 5 — 45

StepZ2; 8+4 + 40 + 5 - 45

Stepi. 2 + 40 + 5 - 45

Stepd: 42 + 5 — 45

Step 3. 47 — 45

Stepr 2 [answer]

Simplify using the order of operations.
P+ 4 (6 5+ 2
16 + (10 + 3 x 2) + 0 x5
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Addition And Subtraction of Rational Numbers

and Order of Operations

Add or subtract each of the following:
l. 26+503
2. 6+ 4-‘%
3. 4.56-1,3
4. 147 - 53
5 3,56-2.876
& 161-10

7. H++53

10, 3+12.235
g
11, 1Z2- Eﬁ

4
12. 6% 38
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- Simplify each of the following using the order of operations.

o T e o ki .‘

' o g e P gL et

13, 3+90+3 | %:‘i,-vég:%@n‘aﬁ*m
’ L ey, ¥

14 30 +6-12 =3

15, 20+ (3+4-2)

16. (16-2x 33) x 1.1

17. 21 +7L x 2
9
2 N e

-;'aig&i:m.,\

SE s e Eﬂ-—-.'
st o
18. 6* +3 Zihgire ) fe e

o]

Fro

L :

tﬁl'-. e B ‘i&t-.‘u‘_“'{
T

At e, R AT s

19, 48 = (27 +4)

20. 12-(3+22)+43

21, 3+9)+3

22, (2*+4)+5

23. (23 x 2.1}-2.7

24. 2.45+3.8—% x 0
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4.2 Percent of Increase or Decrease Froblems

Problems that require using the concept of increase or decrease oceur daily in the lives of all
consumers. Knowing how to evaluate the different applcations helps in making important decisions.
Getting the most for your money is not being “cheap”, it is being “SMART™!
These problems, ofien referred to as ingrease/decrease problems, may also be thought of as “twe-
step” percent preblems since they most often require two basic steps in their solutions. The two steps
would be the one to find the missing percent, partf percentage), or wholefbase), and either an addition or
subtraction step, Some sample applications would include:
L. Finding the final cost after tax (percentage) has been added to the original cost {base).
2. Finding the final cost after a discount (percentage) has been deducted from the original cost
(basz),

3. Determining the amount of tax (perceniage) that has already been added to the original cost
{fase).

4. Derermining the original cost {base) if the rate of discount (percenr) and the discount
{perecentage) have been given,

5. Finding the percent of increase or decrease (percent) of a value that hes changed.

Tui general, the original cost or the eriginal value, the one that ocours firsi, is the wholerbase) in the
probiem. The percent of increase or decrease is the percent, and the actual increase or decrease is the
parifpercentage),

A modified “percent proportion”™ follows:

percent of increase or decrease _ amount of increase oy decrease

100 original amount

Percent becomes an extremely useful tool because it allows a ¢common rule or group of computations to
be apphed to all vahues that could possibly be anticipated. Evaluating the final cost, including sales tax, of
any purchase is  good example of this fact.
Example: Find the final cost of a refrigerator after a sales tax of 6% is applied (added). The
original cost of the refrigerator is $900
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[ This kind of problem is one that is very common. Here are two methads
ihat you can use ro solve it
Method 1:

8tep 1: First find the amount of the tax (the amount of increass).
You are given the percent of increase to be 6% , and you

arc also given the original amonet of 900 . So, write your proportion.

s _x
100 K0

Since x = 54, then the amount of tax i3 554 .
Step 2: To determine the final cost you must add the tax to the original cost.
Hence, 3900 + 334 = 3954, the final cost of the refrigerator.
Method 2: |

| Step 1 Singe the percent and the base arg known, you can find the amaunt of tax
by muktiplying 900 by 0,06
Step 2. You would still need to add that product. 54, tothe 900 {or the final
cost which is $954 |
[An alternative 1o these two steps would be to first add 100% + 6% mentally,
and then pultiply 900 by 1.06 to get the final cost of $954 . When the

oripinal value is increased by a percent of it, the final value becomes the regult of
100% + the percent of increase. ]

Another common example, one that uses a percent to be deducted (subtracted), mvolves discournis on
purchases.
Example: A coal that originally cost $200 is on sale, The discount is 25%. Tind the final cast,

Step 1. First find the amount of discount (armount of decrease),

22 o 025 % 200 or L of 200
10 200

would all yield the same result of 30,

Hence, the amount of discount {a pereentagze of the original cost) is $50.
Another way to say this is that the coat is on sale for “350 off”.
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Step 2. To determine the final cost you would subtract the dlscount fiom the

original cost,
Since 200 - 30 = 150, then the final cost of the coat is $150

Tao describe the change that may oceur over time of a value, it becomes useful to translate specific values

into percents of the original value. Especially in situations where specifle values are not necessary, and a

freneral discussion of a trend or a comparison are needed, percents help to convey 2 clear picture.

Example: In September 1994, the number of students enrolled in math classes at G.C.C. was

1500 . In September 1995, the number of students enrolled in math classes was 1605 |

Find the percent of increase.

[Keep in mind that in order to use the “percent proportion for mcrcase/decrease

problems”, you'll need to know both the original amount and the amount of increage

or decrease before attempting to find the misging percent. ]

Step 1:

Step 2-

Tirst find the amount of increase by sublracting the original amount
(1994’5 enrollment) from the new amount (1995%s enrollment).

1605 - 1500 = 105, which represents the oot of increase.

¥You tlow have enough information to complete your proportion

with only one unknown value, the percent.

Remembér: Ina problem concerning percent of increase/decrease, the
specific amount of change is always compared with the otipinal amount
or the amount that chronologically occurred first. So, put the value that
occurred fiest (in 1994) in the place for the original amount.

x 105 (amownt of increase)
100 1500 (origingl amount)

Since x = 7, then the percent of increase is 7% .
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A Potpourri of Percent P'roblems

 The rerail sales tax rate in Florida is 4% Find the total cost of a $3500 car,

. Herman Hues, a painr saleaman, has 2 10% commission rate. What is his
commission if he sells $4800 werth of paint?

. A scratched refiiperntor regularly priced ar $460 was sold at a 10%
discount. What was its new price?

. The hishest price paid at an auction for a vintage bottle of wine was
$13.200. Tfthe sales tax was 5%, how much tax was that?

. The originat price of a ping-pong paddle was $9,70, find the new price afier
a 20% price increase.

_ The sales tax on a car was $150, and the sales tax rate was 5%. What was
the purghase price (before taxes) of the car?
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7. A super soaker is on sale at 20% off its regular $15 price. What is the sale
price?

8. Find the new price of a gold bracelet after a 210% price increase, if the
criginal price was $32.00.

O The retail sales tax rate in California is 6%. Find the total cost of a lava
tamp selling for $15.50.

1. Jo Cool, an agent, bocks 2 band for $98,500. Her comfnission was
$6860. What was the rate of commission?

11. A company had 66 fewer employees in July of 1995 than in July of 1994. Il e
If this represents a 5 5% decrease, how many employees did the company :;:%ﬂ?umlﬁj‘f%ﬁf‘f
have in July 19947 5, ’Ff’.‘_j“&’iﬁj‘f-_,;

12. A stereo system is marked down from $450 to $382.50. What is the

discount rate? X 1y
e
13. A school’s enrollment was up from 950 students in one year to 1064 ttgﬂ‘-ﬁj}-’;’f: ey _{_f?- {"‘“ 5
- H e ol B g W B A
students in the next. What was the rate of increage? RN R
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4.3 Application Problems

As more and more consumers (oday are clipping coupons and shopping for the *best deal”, keep

in rund that effective and efficient “bargain shopping” requires a good working knowledge of percents.

Sinart shoppers should be aware of advertisemenis that may be misleading or misinterpreted, therefore

they should “do their homework™ when comparison shopping.

Example:

Example.

Suppose a piece of luggage that regularly sold for $79.99 is on sale for $19.99 ata
discount store with an accompanying ad that reads, 360 off”. If the same item is for
sale at a departrment store with the same regular price and the ad reads as follows, “All
luggage---60% off1!”, which store is offering the better deal? (Round the prices to
the nearesi doilar to make it easier.}
Since the amount of savings is already known for the discount siore, calculate the
amount of savings at the department siore and then compare these amounts.
Discount store: Savings is 360 .
Department store: Find 60% of $80 to obtain the amount of savings.
o0% of 80 = 4% | 30 the savings would be $48
Henee, the discount store 18 offering the best deal.

Suppose you are shopping at the mall and an ttem that interests you is marked “$10
off”. You assume that this is a ‘real buy’ since the item regularly sold for $50. But
your thrifty shopping companion mentions that the same item is on sale st a store
on the lower level for 25% off. If the repular price is the same at both stores, which
store is offering the better deal?
One way to solve this problem would be to find the percent of discount at the
upper level store and compare it to the 25% which is already known for the other

store. Since $10 is the amownt of discount (decrease), a proportion can now be

N\ O(amount of decrease)

set up as [ollows: . Since x = 20, the percent

100 50 origmal amount)

of discount at this store is only 20% . Hence, the lower level store has the best

deal. Can you think of another way to solve this problem?
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Bargain Shopper

Consider the following items for sale at:
Cheapo’s and Bargain Basement (B.B.)

In each case you will find the sale price, best store and the difference in
sanvings between the two stores,

1. Bread Machine — regularly $249.99

{m sale at Cheapo’s for £50 off regular price Cheapo’s =
Omn sale at B.B. for 25% off regular price BB =

Best Choice =

Savings Diff. =

2, Waille uon — regular price $39.99

On sale at Cheape’s for 15% off repular price  Cheapo’s =
On sale at B.B. for $5.00 off regular price BB -

Best Choice =
Savings Diff. =

3 Bupreme Cotton towels — regularly $8.99

On sale at Cheapo’s for 334% off Cheapo’s =

(n sale at B.B, for $6.49 , BB. =
Bast Choice =
Savings Diff. =
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4. 16 piece beverage set — regular price 325,00

On sale at Cheapo’s for $19.99 Cheapo’s =

On sale at B.B. for 35% off regular price BB =
Best Choice =
Savings Diff, =

If you wanted to purchase all four items at the same store, (because of time
constraints) which store should you shop and what would your total cost he?

Sum of all four items: " Cheapa’s =
BB.=
Best Choice =
Savings Diff. =

If the cheaper store is far away, over a toll bridge and with metered parking,
for a totzl round trip cost of $15.00 and the other store is right up the streer,
would this change your choice?
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Serious Student Shopper

The following are ads for Bargain Barn:

a) What 1s the sale price?

b) What is the percent saved?

¢) Dance City has the same shoes for
30% off the regular price. Which
store has the better deal?

Save §7.50

Tiptoe Ballet shoes
Beg. §30

&) What 15 the amount of savings?

- b) What is the percent saved?
¢) Cheap Mart had the same item for
830 25% off the regular price. Which
Solid iron Iron store has the better deal?
Al the whistles & bells
Reg, $49,99
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1) What Is the sale price?

1) What is the amount of savings? _ﬂﬁaﬂq,}g%j Bt :f_? :

c) Phone World has the same phone & """_:—;5‘3’ ? q."?.,t.y e

for + off. At which store should e o

TALK-ALL-DAY PHONE shrewd consumer shop? R i X

CET e o e i Zra

Save 25% off all phones %:‘ﬁi‘“ STy
Reg. 5120 I a

- L SR e ]
AL T e et e

e S
o -Ei‘ rJ’f} L h?ﬂ
B

If Hobby Hut has these same skates
for 60% off the repular price, which
store has the best deni?

4 L e,
ey e T
i ) o 2l
ol S T
ey

: fro-Goe rollerblades
BLOWOUT SALF

Save $60

Bargain Barn has all their closeout
tennis equipment on sale for 50% ol
the original price and on one special
day gives another 10% off the already
reduced price. What percent of the
original price is the consurmer actually
saving?
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Test Taking, Study, and Problem Solving Strategies Su[ﬁmar}’

FProblem solving stralegies
1. Read the entire problem before attempting any activity.
*focus on what you are asked {o find
*do not make up your own problem
*use seff-talk to guide you
*estimate the answer
*check your answer by comparing to your ¢strmarte
“re.read the question Lo make surs the answer you have is to the question
being asked
*ry 1o rely on understanding instesd of rules
*mark any problems that vou need help with
Study strategies
T, Studying math is pracucng problems
*rnke gure you have answers for the problems you do
*practice checking your answers by estimation
*mix-up the kinds of problems you practice (flash cards might help)
"use sed- tatk while practicing
*time yoursell when practicing
*i possible pracrice the same time of day as the test will be given
*laok back at quizzes , homeworle | or classwork for practice problems
*hreak up vour smudy time, shudy more frequently but for shorter periods
*work with & buddy, give each other problems to do
2. Find out about the west,
*what is the tost format (multiple choice)
*how will it be graded
*how maty problams
*how much time
Test taking strategies
1. Put vourself in the best mental frame,
*use relaxaton technigues
*picture yourself doing well
*think of the test as showing what you can do
2, Follow the directions.
3 Review with yourself time constraints and decide how much iime to allow [or
gach problem. .
*If you can’t start a problem or can’t finish within your time, mark the
problem and come back later.
*for multiple choice tests, if you ¢an rule out any angwers do 50 then come
back later
*after vou have dong the problems you can do, go back and work on the ones
yora bad difficuity with
4. Salve the provlems. ( see ahove}
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10.

11

12.

13,

14
15

16.

S

18.

Review

{0.03)* =
The price of a $24 math book was reduced by 334% . How much does it cost now?

Write 1 + &5 + 7% as a decimal.

325 — 207 =

Write %% as a decimal.

130)3.939 =

What 158 20 percent of 207

If 4 boxes of pencils cost $3.08 , how much will 7 boxes cost?
a8 2 1

2 3 3
Which of the following is the closest approximation to 17.001 x 2,22227
a 35,000 b. 350 c. 35 d. 0.0033

. . 2
Stephame found some money on the sidewalls. If she spent 5 of the money for books

and % for 2 new radio, what fraction of her money did she have left?

04+ S =
4

7 is what percent of 28 ?

JOOoio =

Sleli
5 4

12 boys in the senior class are on the track team. [fthisis 5% of the boys in the class,

how many boys are in the class?
12

3
7
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19. Which of the following is the closest o /20000 7
a 200 b. 100 c. 140 d. 400
20. If 28% ofthe 250 employees at the local building supply store worked overtime howrs
for the last week, how many employees worked regular hours for that week?

Answers: 1. 0.0009 2 §16 3. L.003¢ 4 2013 35 0005 600303 7.4 3 §539

19
9. Rl 10, ¢ 11 300 12, 2—-‘;} 13. 088 14, 25% 15 Q.04 16 385

17. 240 18 28 19. ¢ 20 180
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f T*E*S*1T

Count the number of times the letter { appears in the paragraph below. You have two

minutes to finish. You may not mark the page.

| The necessity oftrajing farm hands for first-

| class farms in the fatherly handling of farm live
stock is foremost in the minds of effective farm
owners. Since the forefathers of the farm owners

 trained the farm hands for first class farms in the

fatherly handling of live stock, the farm owners
feel they should carry on with the former family

| tradition of training farm hands of first-class

farms in the effective fatherly handling of farm
| live stock, however futile, because of their belief

it forms a basis of effective management efforts.

Answer: page 173
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Book Worm Problem

While this problem looks deceptively simple, it 15 actually quite difficult. Asa
matter fact only about one person in a hundred is able to solve it the first time around.

The problem is included because it is extremely instructive.

There are four volumes of Shakespeare’s collected works on the shelf. The pages

Ir

of each volume are exactly 2” thick. The covers are each é thick. The bookworm

started ecating at page 1 of volume I and ate through to the last page of volume I'V. What is

the distance the bookworm oaveled?

Answer. page 173
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How many squares are there m the followmg diagram?

Hidden Squares Figure

Answer page 173
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Answers and Suggestions

1. There are 46 ‘f's’ in the “f test”. Tum the paper upside down and then count the letter ‘€ shapes

without reading the words.

2. The bookworm traveled S inches. Notice the position of the first page of Volume I and the Jast page

of Volure IV in the dizgram.
3.
Key: The cosrect answer is 30, developed as follows: 1 whole square, 16 mdivndual squares,
O squares of 4 units each, and 4 squares of & units each.
Discussion Questions:

1. What factors prevent us from easily obtaining the correct answer?
{We stop at the first answer. We work too fast.)

2. How is this task like other problems we often face?
(Many parts comprise the whole.)

3. What can we learn from this illustration that can be applied to other probiems?
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Magic? Recipe for Succeeding
in Math

Make sure you are ‘where you belong.

Attend all classes and be prompt.

Get assignments done for the next class so you'll be

ready 1o progress.

Improve your understanding by asking questions. Get

involved by working with other classmates.

Connect-recognize how math concepts are connected

to each other and how the concepts connect to

daily hfe.
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Dear Student,

e You may use the form felow to take notes. Itis suggested that you write the
cihnnl  pblems in the left cofumn and any helpful thoughts in the right column,

Photocopy this sheet, if needed.




Dear Stiudent,
You may use the form below to take notes. It is suggested that you write the
problems in the left column and any helpful thoughts in the right colunm.

®hotocopy this sheet, if needed.




Card Games

Figh: (1) Deal 7 cards to each playes (three or more players); place the remaining cards in a draw pite.

() Each plaver tales 4 turn asking player to the left for a “match” to compiete a “hook”. A

“baok™ congiste of 3 cards that are equivalent forms (fraction, decimal, percent) of a rational

number.

(3} a. I the player on the lef} does have a “match™, she gives it to the first player. The frst
player may then fay down a complete “book™ of 3 equivalent cards, if possible. [t is still
the first player’s turn, so she can ask (he next player for a “march”.

b. If the player on the left does nof have 3 “mateh”, he says “Go fish ™ At this time, the
original player must draw a card from the draw pile. Ifthis card is a match, rhe player may
lay down a complete “book™ of 3 equivalent cards, if possible. It is still the first player’s
T, 80 ghe can continue to ask for cards. If the drawn card is not a match, play passes io
the next player.

(4) The game ends when the draw pile is depleted, and the piayer with the greatest number of
“books” wins.

War: (1} Play with two players.

{2) Mvide the deck in half

(3) Keep cack pile face down in front of each player.

{4) Both players simultaneously turn one card face up and compare thent,
The player with the larger valued card takes both of the cards and places them in a separate
pile to be used when his original pile s depleted. If the two cards are cquivalent, both players
simultaneously turn 3 cards (W-A-R) fizce down. They then proceed 1o each turn a 4th card
face up and compare their values. The player with the larper valued card takes all 8 cards,

(5) The game ends when one player runs out of cards or if allotted time hes ended. The player
who acquired the greatest number of cards wins.

Up and Down the River: (Play with 3 or more players.)
Hand 1: Deal out 10 cards to sach plaver,

Each player, beginning with the dealer, bids the number of #icks that he thinks he will
win ranging ffom 0 - 10. (A player wins a trick if he has the highest card of the suit
being played.)

The last person 1o bid may not bid the number of tricks that would allow averyone to
make what they hid.

Example: Player one says “4”, player two says “27, ... player three may bid
anything except 4 .
Dealer leads, and the suit (fraction, decimal, or percenr) must be followed, if possible
Example: Ifa fraction is lead, players must follow with fractions.
If 4 player cannot follow suit, h¢ may play anything but he can’t take the trck.
Score. (See below.)
Hand 2. Deal oul 9 cards to each player, (Follow procedure for hand 1 but base it on 2)
Rémaining hands: Deal out 8,7,6,5,4,3,2,1, then 1,2,3,4,5,6,7,8,9,10 for a complete game_ or go
as far as time allows.
Scoring: At the end of each Land every player gets 1 point for cach trick he takes in. He also
receives 10 bonus points if he makes exactly the nomber of tricks ke said he would,

Additional games: Players can make up their own versions of matching pames such as “Concenrration”.
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